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Lecture 1 M 5.2-6, 9.9; Pre-Reading: M 5.1-/

1 Review of Basic Concepts in Quantum Physics

Schrédinger equation
0 N
h— (V) = H |V 1.1
i |v) = i1 |w) (1)
The time dependence can be analytically solved for a time-independent Hamiltonian

(1)) = e~ HE—t0)/h ) (1.2)

with the quantum state at time ty defined as |¥(¢9)) = | Vo). It remains to solve the time-independent
Schrodinger equation in terms of its eigenstates |E) = ¢p(z)

Hyp(x) = Bpp() (1.3)

i.e. find the eigenstates of the Hamiltonian H and determine their respective energies.

The Hamiltonian is obtained from the Hamiltonian in classical physics by changing to operators.
In classical mechanics the Hamiltonian determines the energy of a system and it can be generally
written as the sum of kinetic (7') and potential (V') energy

H=T+V = H=T+V. (1.4)
Concretely, we will define the position and momentum operators as follows

d
= —th— 1.5
- p=—ihs (15)

T
The two operators satisfy the commutation relationlﬂ
9, &] = —in (L8)

For a point particle within a potential V', the classical Hamiltonian is given by

H—i+V(x) = ﬁ:ﬁi+vm (1.9)

- 2m 2m

Energy eigenvalue equation is a differential equation

h? d?
Tt can be easily derived by applying the commutator to an arbitrary wave function
. Ld ) d d
. 210(a) = [t alite) = —in ( fovo) ~ (o)) (1.6
. d d .
= —ih (1 + xai/)(:c) - xad)(x)> = —ihy(x) (1.7)



The generalisation to more dimensions is straightforward. In three dimensions with, the Hamiltonian
reads

= P+ P3p3

H = 727% =+ V(I’l,.’Ijg,.’L’g) (111)
h? 0? 0? 0?

_ — 1.12

2m (333% ox3 * 893%) + Vi1, 22, 73) (1.12)

and the commutation relations between the momentum operators p; and the position operators Z; are

given byf]
[pi, 2] = —ihdy; . (1.14)

1.1 Relation between quantum state vector and wave function

Previously we used the quantum state vector |¢) and its projections onto the spin eigenstates (+|1).
These are the probability amplitudes for |1)) to be measured in a particular spin eigenstate. Using the
projections onto spin eigenstates, the quantum state vector can be written as

+¢
o =({1) (1.15)
The corresponding probabilities to measure a quantum state in a given spin state is given by
2
Pr = [(£l)]” - (1.16)
In a similar way we can define the projections onto the energy eigenstates (F;|¢) and the projections
onto the position eigenstates (z|¢). Experiment tells us that the physical observable x is not quantised

and all values are allowed. In this case, the column vector representation is inconvenient and the most
convenient representation is the wave function

Y(z) = (zlY) . (1.17)

The corresponding probability density function is

P(z) = [¢() . (1.18)

The sum over discrete probabilities is changed to an integral and the normalisation condition becomes

| = /P(:r)dx _ /w(x)*w(w)dx (1.19)

and the probability to detect the quantum state in the interval a < z < b is

b
Po<z<p(T) :/ P(x)dx . (1.20)

2The Kronecker-delta 0;5 is defined as
1 fori=j

0ii = . 1.13
’ {O otherwise ( )



Generally the probability to find a quantum state (1| in state (p| is given by
(el = [ & @iiands (1.21)
Finally, an expectation value of an operator A is given by
(4) = (vldw) = [ v @A@(z)dr. (1.22)
Summarising the correspondence between the bra-ket formalism and the wave function formalism:
9) ¢ ¥(a) (Wl ¢ 9°(2) e [ do Ao A (123

After recapitulating the basic notions of quantum mechanics, we apply them to simple one-
dimensional quantum mechanical systems.

1.2 Orthogonality and Completeness

Eigenstates of any hermitean operator are orthogonal

(nlm) = Gy [ eal@) (@) = b (124
and form a complete basis, i.e. any wave function can be expressed as a superposition

7/}(1') - chgpn(x) (1.25)

The prime example is the Hamiltonian, i.e. the energy eigenstates form a complete orthonormal basis

<En|Em> = Onm Z ’En> <En| =1 (1'26)

1.3 Infinite square well

The potential of an infinitely deep potential well of size L is given by

oo, <0
Vi) =<0 O<z<L (1.27)
oo, =>1L.

We solve the time-independent Schrédinger equation ([1.10]) in the three different regions separately.
Outside the box the potential energy is infinite and thus the only solution is ¢ (z) = 0. Inside the
box the potential energy is zero and it can be rewritten as

d? 2mE

It is a linear second order ordinary differential equation (ODE) with constant coefficients and can be
solved using the ansatz ‘
pp(x) = Ae™ (1.29)



The characteristic equation is given by

2mkE _

2
— K

0 (1.30)
and the general solution inside the box is the linear superposition of the different possible solutions
op(z) = Ae™™ 4 Be~ e (1.31)

with £k = vV2m£E /h and A, B two complex numbers, which are determined by the boundary conditions
and the normalisation. The general solution is thus given by

0, z <0
op(z) = Ae?*® + Be™** 0 <z < L (1.32)
0, x> L.

We have to require that the solution is continuous everywhere, i.e.
0p(0) =9p(L)=0=A+B=0 and Ae*l 4+ Be *l =0 (1.33)

Hence there is a discrete set of solutions of the form

on(x) = A'sin(kpz) with kn = n% n=1,273,... (1.34)
with energies
2 2h2
L= (1.35)
2mL2

The constant A’ is fixed by correctly normalising the wave function
L
- / de| A2 sin? () da (1.36)
0
and the correctly normalised energy eigenstates are
on(r) = —sin(—), n=1,2,3,... (1.37)

1.4 Inversion symmetry and parity

Inspection of the wave functions for the states of a particle in an infinite well show that, with respect
to the middle of the well, the wave functions are alternately symmetric (n=1,3,5,...) or antisymmetric
(n=2,4,6,...). This is even clearer if we change the x-axis origin to the middle of the well, and place
the walls at £ = £a so that the width of the well is 2a, and the wave functions become

1 nmwx 1 . nrx
@n(x)—\/;cosm n—1,3,5,...<pn(x)—\/;sm2a n=2,4,6,... (1.38)

Clearly state with odd n, are symmetric with respect to inversion (z — —z); those with even n
are antisymmetric. Symmetric states where ¢, (—x) = 4@,(z) are said to have positive parity;
antisymmetric states where ¢, (—x) = —p,(z) are said to have negative parity. We will see later that
allowed transitions can only occur between states of opposite parity.



1.5 Finite square well

If the sides of the well are not infinite, so that the potential well of width 2a is defined byE|

Vo, =< —a
V(i) =<0 —-a<z<a (1.39)
Vo, >a.

Inside the box the Schrédinger equation is the same as for the infinitely deep potential well. Outside
the box the Schrodinger equation can be rewritten as

2 m .
<dci.2 _ 2 (‘/}EL)2 E)) SOE(-T) =0. (1_40)

Assuming a bound state with 0 < E < Vj we can similarly make an ansatz ¢ (z) = Ae? and obtain

the general solutions with

2m(Vy — B)

and the general solution is given by

Ae® + Be ¥, x < —a
ep(r) =14 Ce*® - De™™* _g<z<a (1.42)
Ee?™ + Fe ¥ 1 >a

In order to interpret the wave function, we have to normalise it, this automatically forces B = E = 0.
Furthermore demanding that the solution is

1. continuous

2. and continuously differentiable ( d"%x(x) being differentiable) [if V # o]

everywhere fixes three of the other coefficients. The last coefficient is fixed by the normalisation
condition.

Because of the finite height of the barriers, the particle can tunnel into the region beyond the edges
of the well, where on physical grounds we would expect the wave functions to decay with distance
beyond the edge of the well. Within the well, where the particle is free, we expect the wave functions
to be sinusoidal as in the case of the infinite well. The solution of the energy eigenvalue equation
in this case is not trivial (in fact it can be solved by numerical means only). For solutions to be
physically acceptable, the wave functions must approach zero with distance away from the well, and
be continuous and smooth across the boundaries (i.e. ¢g(z) and dyg(z)/dxr are continuous at the
walls of the well). Such solutions occur for discrete values of E only.

As the equation can be solved by numerical means only, it is not possible to write down a formula
for the energy levels. However, as expected, the energies approach those of the infinite case as Vj — oo.
Figure [1] is a reproduction of Figure 5.18 from McIntyre showing energy levels for an infinite square
well and finite square well of the same width. Note that for the finite square well the wave function
penetrates the walls of the well, beyond which it decays, and that its value and gradient are continuous
across the well boundary, as required. In the case of the infinite well the wave function vanishes at
the walls of the well and in this limit the gradient is discontinuous at the edge of the well.

3The width of the well is given as L for the infinite case and 2a for the finite case in order to be consistent with the
notation used by Mclntyre
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Figure 1: Energy levels and wave functions for (a) an infinite square well of width 2a and (b) a finite
square well of width 2a. Note that as the finite well has reduced confinement, the energy levels are
lower than those for an infinite well of the same width. Based on figure 5.18 of Quantum Mechanics
by D.H. Mclntyre.

1.6 Harmonic oscillator

The last 1D example which we are studying is the harmonic oscillator. A particle with mass m is
subject to a restoring force —kz, where x is the displacement from the equilibrium position. The
potential energy of the particle is

1 1
V(z) = ika = §mw2x2 (1.43)

where w = (/k/m is the angular oscillation frequency. Hence the time-independent Schrodinger
equation is given by
A1,
———— 4+ —mw“z” | pp(z) = Epg(x) . (1.44)

The solution of this equation involves a well studied special function, the Hermite polynomial, such
that the normalised wave functions can be written as

mwy\1/4 1 2 . mw
vp(x) = (E) \/WHn(f)e /2 with ¢ = - andn=0,1,2,3,... (1.45)
where H,, is a Hermite polynomial of order n.
Hy(x) =1, Hy(x) = 2z, Ho(z) = 42® — 2 Hs(z) =8z — 12z (1.46)
The corresponding energy eigenvalues are given by
1
En—<n+2>hw n=01,23,... (1.47)

Note that the lowest energy level is not zero as it would be for a classical harmonic oscillator, but
%ﬁw. It is known as the zero point energy. Figure [2| shows wave functions and probability densities
for the first four energy levels of a harmonic oscillator.



(@)

Figure 2: (a) Wave functions and (b) the probability density for the first four energy levels of a
harmonic oscillator.

1.7 Application: molecular vibrational energy levels

The two nuclei of a diatomic molecule can vibrate about their equilibrium separation. For sufficiently
small amplitude vibrations the motion can be treated as a harmonic oscillation in a parabolic potential.
The quantised energy levels would then be given by

1 1
E,=(n+ i)hwo =(n+ §)hyo where n=0,1,2,3,... (1.48)
&
E /
g
/ . Pl .
Dissociation energy
Zero-point energy
—_— - > R

Equilibrium separation

Figure 3: Potential curve for a typical diatomic molecule showing vibrational energy levels. At lower
levels where the potential approximates a parabola the energy levels are almost equally spaced. At
higher levels where the potential profile becomes wider than a parabola, the spacing decreases.

and vy = wp/27 is the classical vibration frequency (in Hz). Transitions between adjacent vibrational
energy levels are in the infrared part of the electromagnetic spectrumﬁ Figure [3| shows a typical

“In fact transitions for which |An| > 1 are much more unlikely than those for which |An| = 1, and are called forbidden
transitions. The condition |An| = 1 is called a selection rule and transitions which satisfy this condition are said to be

10



potential curve (energy as a function of nuclear separation) for a diatomic molecule. At low energy
levels, where a parabolic approximation to the potential curve is a good fit, the actual energy levels

are equally spaced, but at higher levels where the parabolic approximation is a poorer fit the spacing
between levels gradually decreases.

1.8 For discussion in lectures

e Zero-point energy

e Molecular vibrational spectra

allowed transition. For more on these concepts see Appendix |g

11



Lecture 2 M: 7.1-2; Pre-Reading: Bohr model (App.

2  Quantum Physics of Central Potentials

One of the main goals of this course is to solve the hydrogen atom. It is a two-body problem in 3
dimensions, with a positively charged proton and a negatively charged electron. They interaction via
Coulomb interaction which is described by the Coulomb potential

Ze? B Zahe
47T60|I‘1—I‘2| |I‘1—I‘2‘ .

(2.1)

V(lry —rof) = —
It is a central potential, which only depends on the relative distance between the two particles.

2.1 Separation of Variables

We will actually solve the slightly more general problem of an arbitrary two-body system with a central
potential. It is described by the Hamiltonian

p2
2 P1 “ .
Hgys = + —= 4+ V(| -1t 2.2
sys 2my 2m2 (| 1 2|) ’ ( )
where m;, p;, and T; are the mass, momentum and position of particle 3.
Similarly to classical mechanics, the Hamiltonian can be separated in the Hamiltonian of the centre
of mass motion and the relative motion about the centre. We define the centre of mass coordinate
~ mytT| + mef
R LR (2.3)
mi + mo
and the relative position vector
=T9g—1T7. (2.4)

L}

Similarly we define the momentum in the centre of mass frame

~

P =p1+ P2 (2.5)
and the relative velocity in term of the relative momentum P,
Isrel f)2 131

_ P2 Pl 2.6
1% ma My (26)

with the reduced mass 1 1 1
= . (2.7)

poomyp M

Rewriting the Hamiltonian in these new coordinates, it separates in a Hamiltonian describing the
centre of mass motion and the relative motion, H= HCM + Hml with

. P2
Houv = m (2‘8)
A P2,
H,. , = —ret 2.
rel 2/.L +V(T) ( 9)

12



and M = mq 4+ mo. It is a valid assumption that the quantum state also separates

Vsys(R, 1) = Yor (R)Yral(r) (2.10)

because the potential does not depend on the centre of mass coordinate R and did not depend on
it previously, but it only depends on the relative coordinate ¥. Explicitly we can show using the
Schrédinger equation

Etpgys(R,r) = Hipgys(R, T) (2.11)
= (ﬁCM + ﬁrel) You (R)Yre(r) (2.12)
- (1/]1"6[ (r)f{CMwCM(R) + wCM (R)ﬁrelwrel(r)> (213)
(2.14)

We divide by sy ) R
E =gy (R) Honbon (R) + 1,01 (x) Hyertbre (x) (2.15)

and bringing one of the ratios to the other side of the equation

E — o (R)Hoppom (R) = 9 () Hyartra (1) (2.16)

we see that the left-hand side of the equation is independent of r and the right-hand side independent
of R. Hence both of them have to be constant, which we denote by E,.;, the energy of the subsystem
of the relative coordinate. Thus we can write

Hemon(R) = Ecyben (R) (2.17)
I:Irelwrel(r) = Erelwrel(r) (218)

where Ecyr = E — E,. is the energy of for the subsystem describing the centre of mass coordinates.

2.2 Solution to the Center of Mass equation

The Hamiltonian for the centre of mass motion is given by

. K2 0?2 0?2 0?2
Hoy = oM <8X2 + 9y2 + 3Z2> (2.19)

with R = (X,Y, Z)T. Tt corresponds to the Hamiltonian of a free particle in three dimensions, which
can be solved in terms of free particle eigenstates

_ U ipyxtpyyiPszym) _ L PRy
wC'M(ny, Z) = (27-‘-71)3/26( X Y z2)/h) = We /h (220)

with P = (Px, Py, P,)T. The energy eigenvalues are given by

1
Eoy = i (P% + Py +P3) . (2.21)

Note that the momentum P is not discrete, but a continuous variable. Using Eq. (1.2, the time-
dependent wave-function is then given by

1 7i — .
voult XY D) = (BB, (2.22)

13



where we set ty = 0. The solution are plane waves travelling forward with phase velocity |vpn| = E/|P]
and group velocity vg = VpE. The average momentum is given by the expectation value of the
momentum operator

(P)= [ @otionX.Y.2) (~ihV) veu (XY, 2) =P (2.23)

Lecture 8 M: 7.3

2.3 Classical Angular Momentum

In classical mechanics, the angular momentum is conserved for central forces, like the Coulomb po-
tential in the hydrogen atom

dL  drxp

— = 2.24
dt dt ( )
=vxp+rxF (2.25)
= —r x VV(r) (2.26)
= —rx V'(r)> =0. (2.27)

We will make use of that fact to simplify the eigenvalue equation for the relative motion of the hydrogen
atom.

2.4 Angular momentum

We are already familiar with the fact that an electron has intrinsic angular momentum, usually called
spin. This is a property of the electron, just like its mass or charge. An electron in an atom, however,
can also have angular momentum due to its motion, usually called orbital angular moment. Before
considering orbital angular momentum, let us summarise what we know about electron spin.

2.4.1 Spin

An electron has spin characterised by a spin quantum number s = 1/2 and magnetic quantum numbers
ms = +1/2, with spin magnitude and component values quantised according to

s? = 3(5—1—1)52:271 [or |S| = v/s(s + 1)h = V/31/2] (2.28)
S. = msh==%3h (2.29)

In the S, representation the spin eigenstates |smg) are
1
|+> = ‘ 2

> (2.30)
) =

) (2.31)

14



The various spin operators are given by

S, = Z(? (1)>:Z(Il (2.32)
S, = g < ? _Oi ) = gaz (2.33)
S, = Z( (1) _01 ) = go—g (2.34)
52 = %hQ ( (1) (1) > , (2.35)

where o; denotes the three Pauli spin matrices. The vector model for spin in Figure 4| conveniently
summarises the quantisation properties for spin. It is straightforward to showlﬂ

Sz, S,] = ihS., (2.36)
Sy, S.] = ihS, (2.37)
[S., 8;] = ihS, (2.38)
82,8,] = [8%,8,] = [$%,5.] =0 (2.39)

Figure 4: The vector model for electron spin.

2.4.2 Orbital angular momentum

The angular momentum of a particle is given by L = r X p. As the momentum operator in the position
representation is given by

®The three spin operators form the Lie algebra of SU(2) and the square of the vector of spin operators, §? is
called Casimir operator, which commutes with all three spin operators. The Casimir operator plus any of the three
spin operators form the maximal commuting set of operators and can be used to classify quantum states with angular
momentum.

15



g 90 0
p=—th|—,—,— | = —ihV 2.4
P zh( R y’ z) ih ( 0)

the operator for angular momentum is therefore
L =r x (—ihV) (2.41)
The operators for the components and the magnitude of angular momentum are

e Cartesian coordinates

- . 0 0
L, = —ih <y82 - Z@y) (2.42)
- . 0 0
- . 0 0
L, = —ih <x8y - y8x> (2.44)
72 £2 . £2 . 72
L* = Li+L,+L; (2.45)
e Spherical polar coordinates (see Figure in Sec.
L, = ih|(sin qﬁﬁ + cot 6 cos ¢2 (2.46)
v 00 09 '
L, = ih|— ¢g+ t0 mqs2 (2.47)
y = 1 cos gog +cot f's 9 .
P.o— il (2.48)
: = — 8 .
A 1 0 0 1 92
L2 — _ 2 . 1 S — 24
h [sinﬂ 00 <Sm939> T 2 98(;52} (249)

It is straightforward to show that the commutation relations for the angular momentum compo-
nents are

{ﬁx,ﬁy} — kL. (2.50)
[iy,iz} = kL, (2.51)
[ﬁz,ﬁx} = ihL, (2.52)

With a little more algebraic manipulation (see Mclntyre, p211), it is possible to show that L2
commutes with each of the component operators:

[fﬂ,im] - 0 (2.53)
[ﬁ,ﬁy] =0 (2.54)
[fﬂ,/iz] ~- 0 (2.55)



We note that these are the same commutation relations satisfied by spin angular momentum. By
analogy, therefore we can conclude it is possible to find states that are simultaneously eigenstates of
L? and one of the component operators, which according to convention we choose to be L,. Recalling
that the spin eigenvalue equations are

S?|smg) = s(s+ 1)h2 [smy) (2.56)

S.|sms) = mgh|sms) (2.57)
where mg = s,s — 1,..., —s, the equivalent equations for orbital angular momentum will be

L2 imy) = 11+ 1R |imy) (2.58)

L.|lm)) = myh|lm) (2.59)

where m; =1,1—1,...,—L.

Although we are mostly concerned with spin % systems, the spin quantum number s can in principle
be half integer or integer. In contrast we will see soon that the orbital angular quantum number [ can
only be an integer; for the moment we will assume that this is the case.

In order to simplify the notation we will often drop the hat when writing operators, i.e. denote
operators by A instead of A.

2.5 The vector model for orbital angular momentum

The quantisation of angular momentum can be summarised by the vector model which shows the
possible orientations of the angular momentum vector. The fact that the vector is limited to having
a discrete number of orientations with respect to the z axis is referred to as space quantisation.
Figure [5| depicts the vector model of angular momentum for I = 3, for which |L| = 2v/3h and
L,=(3 21,0, -1, =2, =3)h.

-3.46

Figure 5: The vector model of angular momentum for [ = 3. Angular momentum values are given in
units of A.
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2.6 Application: molecular rotational energy levels

The moment of inertia of a diatomic molecule about its centre of mass is

I = uR? (2.60)

where p is the reduced mass of the molecule and Ry is the nuclear separation. The energy associated
with rotation can be expressed in terms of the angular momentum L as

L2

Erot = E

Noting that angular momentum is quantised according to L? = I(I + 1)h?, where [ is an integer
quantum number, leads to quantised rotational energy levels given by

(2.61)

h2

BErot = —
rot 27

I(l+1) where 1=0,1,2,3,... (2.62)

2.6.1 Rotational spectra

The selection ruldﬂ for allowed transitions is : Al = £1. Therefore,

h h?
fw=§:mmzﬁﬂ—ﬂ=7u+m (2.63)

where o = 1/ is the wave numberm Rotational spectra are in the far infrared and microwave regions
between of the electromagnetic spectrum (A ~ 0.1 mm - 10 mm)ﬂ Only molecules with a permanent
dipole moment will have a pure rotational spectrum. Thus molecules with identical nuclei (e.g. Ha,
C3) do not have pure rotational spectra.

2.6.2 Vibrational-rotational spectra

There will be rotational levels associated with each vibrational level. Thus a transition between vibra-
tional states may also involve a change in rotational state, and we speak more generally of vibrational-
rotational spectra for which the selection rules are: Al = £1 and An = 1. Vibrational-rotational
spectra are typically in the infrared. As molecules are predominantly in the ground vibrational levels
at room temperature, vibrational-rotational spectra are usually observed as absorption spectra.

Example

For absorption transitions between vibrational levels n and n + 1, there are two groups of absorption
lines corresponding to Al = £1. A small amount of algebra yields the following:

2
mthi%Jl:LZ&“. (2.64)

SSelection rules are the result of conservation of angular momentum when a photon is emitted or absorbed. In most
cases they are expressed in terms of the change in quantum numbers between the initial and final states. Transitions
that satisfy selection rules are refereed to as allowed transitions. Transitions that do not satisfy selection rules are called
forbidden transition. They can still occur but at much lower transition rates. For more on this topic see Appendix

"For vibrational-rotational spectra, wave number is often used instead of either wavelength or frequency. Although
the SI unit is m~!, cm ™! is commonly used. The symbol 7 is often used in older texts.

8The terms sub-millimetre wave and millimetre wave are also used to describe a region of the electromagnetic spectrum
between the far-infrared and microwave regions.
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Thus the lines are in two groups on either side of vy, with equal spacing of

_h
T onl
Note that there is no line at vy. Measurement of the spacing between lines allows the moment
of inertia of the molecule to be calculated. Figure [6] shows the rotational-vibrational absorption
spectrum of HBr. The spacing between the absorption lines is slightly non-uniform due to increase
of the inter-atomic separation (i.e. stretching of the bond) with increasing angular momentum (i.e.

with increasing value of the quantum number 7).
DN

T
§ |

Av (2.65)

s

%

2 l

=]

k>

£ 40 - , :

3 :

S Al =-1 : Al =+1

EEEEE Yo

P 2,700 2,600 2,500 _ 2,400

7 (em™) —

Figure 6: The vibrational-rotational absorption spectrum for HBr. (based on Figure 8-5, Basic
Principles of Spectroscopy, R. Chang, McGraw-Hill, New York, 1971)

Lecture 4 M: 7.4-6; Read 7.4

2.7 The Hamiltonian of a spherically symmetric potential

We now move on to the energy eigenvalue equation of the relative motion for a spherically symmetric
potential, Eq. and Eq. Its energy eigenvalue equation can be written as

2%72
(-5 + V() w(r0.0) = Bu(r0,0) (2.66)

As it is spherically symmetric, it is convenient to express the Laplace operator in terms of spherical
coordinates, which is given in Eq. 1) Noting that the § and ¢ parts are proportional to the L2
operator (Equation [2.49)), the Hamiltonian of the relative motion can be written as

RP[1 0 0 L2
Hoa=-2 |22 (22) - 2 1ve). 2.
rel 24 [r2 or (T 8r> h2r2] +Vir) (2.67)

As the angular part of H is completely contained in L2, it is obvious that

[H,L? = [H,L.] =0 (2.68)
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and thus the magnitude of the orbital angular momentum and L, are good quantum numbers.
The energy eigenvalue equation can be written as

Rl1o[,0

1 .
~ o [7"287“ <r 87") — WLQ} ep(r,0,0) +V(r)ee(r,0,¢0) = Epp(r,0,¢) (2.69)

2.8 Separation of variables of radial and spherical part

The solutions of this partial differential equation (PDE) will be ¢g(r,6,¢), wave functions for the
energy eigenstates. As each term of the PDE involves derivatives of only one independent variable, it
can be solved using the separation of variables technique. We begin by letting

p(r,0,¢) = R(r)Y (0,¢) (2.70)

and substituting into Equation The resulting equation is then divided through by R(r)Y (0, ¢)
and the result can be rearranged to give:

Note that the left-hand side is a function of r only while the right-hand side is a function of 6 and
¢ only. The two sides can be equal for all values of the independent variables only if they are equal to
a constant, A. We have therefore an ODE involving r (which we will deal with shortly) and a PDE
involving 6 and ¢:

L2Y (0, 6) = AR?Y (0, ¢) (2.72)

2.9 Angular momentum eigenfunctions

Writing Y (6, ¢) = O(0)®(¢), another stage of separation, with the introduction of another constant
B, leads to two ODEs, one for each of the independent variables 6, ¢:

1 d (. ,d 1
Lmede (Smede> - Bsinz@] 0(0) = -46(9) (2.73)
d*®(¢)
a2 —B®(¢) (2.74)
The solution to Equation is
() oc e VP (2.75)
It follows that )

Comparing equations and with equations and we can make the following identifi-

cations:

A = 1(1+1) (2.77)
B = m} (2.78)
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and

|imy) o< Y (6, ¢) (2.79)

As wave function represent physical reality, they must be single valued, so ®(¢ + 27) = ®(¢),
which requires that m; be an integer, and by implication that [ is also an integer.
To summarise, the 8 and ¢ functions are the solutions, respectively, to the equations

1 d d 1
—(sinf— )| —mi——|00) = —I(+1)0(9 2.
Lme df <Sm d9> mj Sinzg} o(0) (I +1)e(0) (2.80)
d*®(¢) 2
a2 P(¢) (2.81)
where [ is an integer and my; = 1,1 —1,...,—I. The solutions of the § equation are called an associated

Legendre functions, and the solution to the ¢ equation is an exponential function. The orbital an-
gular momentum wave functions are product of these, and when appropriately normalised are called
spherical harmonics:

lms) = ;" (0, 9) (2.82)

where the dependence on [ and m; is explicitly indicated by subscript and superscript respectively;
the normalisation condition is

2 ™
/0 /0 1Y, |? sin 0dfd¢ = 1 (2.83)

The spherical harmonics can be expressed in terms of associated Legendre polynomials

20+ 1) (I — |m|)! ,
m — (-1 (m+|m|)/2 ( m imao _
The sign convention leads to

Y0, ¢) = (=1)"Y™(0,9) (2.85)

Several spherical harmonics are shown in Table
The spherical harmonics form a complete basis of smooth (wave) functions on a sphere and satisfy
the following orthonormality condition

™ 2m
(lima|lamz) =/ SiH9d9/ deY;" (0, 9)Y,)* (0, ) = 0111,0m1ms (2.86)
0 0
and the completeness relation

00 l
U(0,0) = Y amY"(0,0) (2.87)

=0 m=—1

where the coefficients are the projections of the smooth (wave) function onto the |lm) eigenstates

T 27
ctn = (imly) = [ sinoas /0 AOY™ (0, 6)16(6, 0) (2.89)

0
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0 0 vy o = = +1
1 0 vy = = cosd -1
+1 YljEl = F 8% sin fe*® -1
2 0 Yy = 2 (3cos?0 — 1) +1
+1 Y2jEl = F % sin @ cos fe*® +1
+2 ;2 = 32 sin? eti2¢ +1

Table 1: Several spherical harmonics. More can be found in Table 7.3 of Quantum Mechanics by D.H.
MclIntyre, p238.

2.10 Inversion symmetry: parity of spherical harmonics

In three dimensions, inversion corresponds to, r — —r. In terms of Cartesian coordinates inversion
corresponds to x — —x;y — —y; 2 — —z. In terms of spherical polar coordinates inversion corresponds
to

r o= r (2.89)
0 — m—90 (2.90)
o — o+ (2.91)
The hydrogen wave functions either remain unchanged (even parity), or change sign (odd parity)

under inversionﬂ The parity is determined by the value of (—1)": +1 for even parity; —1 for odd
parity. It follows that if [ is even, parity is even; if [ is odd, parity is odd.

The parity of a wave functions depends on the inversion property of the 8, ¢ part, i.e. the spherical
harmonic. Noting that for the inversion indicated above,

Eme 5 (—1)meim? (2.92)
cos — —cosb (2.93)
P(cos®) — Py(—cosh) = (—1)'P(cosh) (2.94)
P(cosf) — P"(—cosf) = (—1)"T™P™(cos ) (2.95)
Y0,6) - (—1)'Y(0,6) . (2.96)

Lecture 5 Quiz

2.11 Visualization of Spherical Harmonics

The standard convention is to label the spherical harmonics, sometimes denoted orbitals, with a letter
corresponding to the orbital angular momentum quantum number [.

1=0,1,2,3,4,5,... (2.97)
=s,p,d, f,g, h,... (2.98)

9The usefulness of this symmetry of the hydrogen wave functions will become apparent later.
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(¢)l=2(d), m=0,%+1,+2

Figure 7: Spherical Harmonics

The spherical harmonics are complex valued functions depending on two variables and hence difficult
to plot. We thus show the probability density |Y,™(6, ¢)|? in Fig. E

2.12 Summary

Let us briefly recapitulate the main steps towards the solution of two particles in a central potential
before applying it to the hydrogen atom.

1. We started with the Hamiltonian, Eq. ({2.2))

9
Hopo = oL

sys —

)
L P

V(£ -1 2.99
o o V([ Ral) (2.99)

and chose a more convenient coordinate system going to centre of mass and relative coordinates.

2. The centre of mass energy eigenvalue was straightforward to solve in terms of a free-particle

wave function (See Eq. (2.20])).

1 .
Yo (R) = WezPR/h (2.100)

3. The Hamiltonian of the relative motion is given by Eq. (2.9)

. h2 5
= — 2.101
H,. 2Mv —i—V(T) ( 0)
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with the reduced mass p. We then studied orbital angular momentum and showed in Eq. (2.67))
that the Hamiltonian can be written as

N R [10 (4,0 L2
Hyep = "o {7‘2({“)7“ (T‘ (97“) - W} + V(r) (2.102)

and the wave function can thus be further separated in a radial and an angular part
o(r,0,9) = R(r)Y (0, 0) . (2.103)

The solution of the angular part led us to spherical harmonics Y™ (6, ¢) with discrete values for
land m=—-I,—-l+1,...,1—1,L

. We are left with the energy eigenvalue equation for the radial component R(r), which can be
obtained from Egq. 1} by replacing L? with its eigenvalue (I + 1)h?

W (L d +V(r)+1(+1) Ui R(r) = ER(r) (2.104)
———— | = r r)= r )
2ur? dr dr 2ur?
where [ = 0,1,2,.... Note that the energy eigenvalue equation resembles a one-dimensional

eigenvalue equation with an effective potential
2

Veff(T‘) = V(T) + l(l + 1) h

W 3 (2.105)

where the second term is called the centrifugal barrier.
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3 Hydrogen Atom

After our discussion of a general central potential in the last section, we now study the hydrogen atom
and apply our general result for the radial eigenvalue equation in Eq.(2.104) to the hydrogen atom.
The potential V(r) is given by Coulomb potential defined in Equation with Z =1

e2 —ahe

Vir)=—- = ) (3.1)

4megr T

3.1 Solution of the radial equation

We will outline the solution to the radial equation. We first rewrite Eq. (2.104) in terms of dimen-
sionless quantities

-
= 3.2
p= (32)
and obtain 2R IR ) ) -
2 2 2 1
2dR | [2pa pe” 20 WA 5y (3.3)
dp?  pdp h? dmegh? p P>
Thus the characteristic length and energy scales are given by
a Amegh? 1
a _ _ 3.4
he = pelhe  apc? (34)
E a2
2 _ 2
2= — 2uc?E (7)
v peB (3.5)

and the energy eigenvalue equation reads

d’R  2dR o 2 I(+1)
ek - ~—2|R=0.
dp* ~ pdp [ T ]

P 2

P (3.6)

Lecture 6 M: 8.1-2; Read: M: 8.1-2

3.1.1 Asymptotic Solution

We first look at the two limiting cases for small and large p. In the limit of large p — oo we can
neglect all terms proportional to p~! and p~2 and Eq. (3.6) becomes

- —7’R=0. (3.7)

There are two possible solutions R(p) = e*7?. The requirement that the probability should be
normalized to 1 only allows
R(p) ~ e (3.8)

for large p. In the limit of small p we can neglect —y?+2/p vs. the centrifugal barrier term I(I+1)/p?
and study
d*R  2dR I(l+1)

a2 " pdp P’

R=0. (3.9)
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This equation can be solved by a polynomial ansatz R ~ p? with the characteristic equation
0=ql¢g—1)+2¢—1l(l+1)=q(¢g+1)—1(I+1). (3.10)

There are two solutions ¢ = [ and ¢ = —I — 1. We can again discard the solution with negative ¢
because it diverges for p — 0. In order to obtain the full solution of the radial eigenvalue equation,
we will look for solutions with

R(p) = ple™ " H (p) (3.11)

with some arbitrary function H.

3.1.2 Series solution

Our ansatz leads to the following equation for H
2

d2H dH
L I+l =) 4 2(1 =y —~ADH(p) =0. 12
pdp2+(+ 'yp)der( ¥ —=~)H(p) =0 (3.12)

This equation can be solved by a power series, which is generally possible if the solutions are smooth
© .
Hip) =) ¢’ . (3.13)
§=0

Inserting it in Eq. (3.12)) and comparing the coefficients for each power of p, we obtain a recursion

relation .
2"}/(1+]+l)—2 .jﬁoo27’)/

ir1 = i 3.14
ST GEngrar)? Y 10
For large p, the function H(p) behaves like
1 .
H(p)~ Y (@) = e?1’ (3.15)

J
and thus diverges for p — oco. Thus the series has to be finite and there is a jyax such that ¢; = 0 for
j > jmaac;

and we define the new principal quantum number

) 1
N = jJmaz +1+1=—. (3.17)
Y
AS jmar and [ are non-negative we find that n is a positive integer n = 1,2,3,.... Turning the

argument around, for a given n, the angular momentum quantum number has to satisfy
0<l=n—Jmaz—1<n—1. (3.18)

The energy of the different quantum states does not depend on [ or m; and is given by

1 2\ 2 2,2 1
Eo=—m o) H=-22 (3.19)
2n2 \4dmey ) h? 2 n?
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Rip(r) =2 (£>3/2 —Zr/ao

Rao(r) = <L)3/2 { - } e~4r/2a0
2a, 3/ 2a9

R21 T‘ — (2a0) Zr e—2r/2a0

Table 2: Several radial wave functions. More can be found in Table 8.1 of Quantum Mechanics by
D.H. Mclntyre, p262.

and the radial solutions are

3 1/2
R (r) = —{(”) (”‘l‘”;} ¢=Zr/nao (”) L2271 /ra) (3.20)

nag ) 2n[(n+1)!] nag

where L are polynomials (called associated Laguerre polynomials) and ag is the Bohr radius. These
radial functions are normalised according to the condition

| e <1 (5.21)
0

allowing us to identify
P(r) = 72| Rpy (r)? (3.22)

as the radial probability density. Examples of low order radial wave functions are given Table [2]

Lecture 7 M: 8.3-6

3.2 Hydrogen Energy Levels
The hydrogen energy levels are given by Eq. (3.19)

2,,.2
1
YHE - forn=1,2,3,... . (3.23)

En=- 2 n?

where we again make use of the fine structure constant

62

- 4dmeghc 137

(at low energy) . (3.24)

The energy levels are negative and the zero energy is defined as the energy when the electron and the
nucleus are infinitely separated. The generalization to different atoms with Z protons is straightfor-
ward

Z2ouc® 1
E, = - (3.25)
The reduced mass of the hydrogen atom is given by
MeMyp 9
=—*F =~ = 511keV 3.26
K Me + my Me eV/e ( )
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and the energy levels are numerically given by
1 1

where we defined the unit of one Rydberg, Ryd= 13.6eV.
The other characteristic quantity is the Bohr radius

hc
ajpuc

ag = —— = 0.0529nm = 0.529A (3.28)

3.3 Degeneracy

A state of a hydrogen-like atom is characterised by three quantum numbers: n, I, m;. The energy
of a state depends, however, upon the value of n only (Equation [3.19). For a given value of n, the

quantum number [ can have the valuesn—1,n—2,...,0 and for each [ there are 2]+ 1 possible values
of mp: l,LI—1,1—2,...,—(l—1),—L.
The number of states with the same energy is therefore
n—1
> @+1)=n? (3.29)
=0

Thus energy levels are degenerate with a degeneracy of n?>. When we take into account the two
possible spin states for the electron (|+) and |—)) there are 2n? different quantum states which have the
same energy F,,. We will see soon that this is only approximately true, as may of these “degenerate”
levels differ in energy by small amounts (called fine structure).

3.4 Emission Spectrum

The hydrogen spectrum is characterised by the energy differences between the different energy levels

2,2
a‘uct |1 1
AE: =By — E;| = — - — 3.30
Ji ’ ! l’ 2 nf n?c ( )

The energy of the photon which is emitted or absorbed in a transitions between these energy levels is

given by
h
Eyzhw:hfzjc:AEﬁ. (3.31)

The different spectral lines fall into different bands with closely spaced lines depending on the final
energy level. See Fig. Transistions to the ground state constitute the Lyman series, where the
transition from the second energy level to the ground state is denoted as Lyman-a, the one from the
3rd energy level to the ground state Lyman-3, etc. The series from higher levels down to n = 2 are
denoted Balmer series and the ones to the third level Paschen series.

Lecture 8§ Quiz;, M: 8.53-6

Not all transitions are allowed, the probability for a transition between two energy levels is given
by the matrix element
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FEGURE 8.2 Hydrogen energy levels and emission spectrom.

Figure 8: Hydrogen energy levels and emission spectrum

where H;,; is some Hamiltonian which describes the interaction leading to the transition. The inter-
action Hamiltonian of an electric dipole interaction can describe the interaction of atoms with light,
like lasers. It is given by

Hipy = —d-E (3.33)

where E is the electric field and d = —er is the atom’s dipole moment.In this way absorption and
emission of light can be described.
The selection rules for emission or absorption of photons in an atom are given by

Al =1y —1; = +1 (3.34)
Am=my —m; =0,%1. (3.35)

See Sec. [C] for an explanation, why only Al = %1 is allowed.

3.5 Full hydrogen wave functions

The full normalised hydrogen wave functions are the product of a (normalised) radial function and a
(normalised) spherical harmonic,

‘nlml> = Qbnlml (Ta 97 ¢) = Rnl<r)Y;ml (97 (b) (336)

Wave functions for several low hydrogen levels are given in Table
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Yro0(r,0,¢) = ﬁ (%)3/2 o 2r/ao
¢
Por0(r,0,0) = ﬁ (%)3/2 %G—ZT/QQO cosd
Yoix1(r,0,9) = :':2\/1% (%)3/2 %eer/an sin PeLid

Table 3: Full wave functions for several low hydrogen levels. More can be found in Table 8.2 of
Quantum Mechanics by D.H. Mclntyre, p264.

3.6 Radial Probability Density

Looking at the full wave function, we can again recover the radial probability density by integrating
over the angular part of the probability density

T 21
P(r) = /0 sin 06 /0 4612 Ry (r) Y7 (0, &) = 1| Roa(r) 2 (3.37)

where we used the orthonormality of the spherical harmonics, which yields the same result as Eq.
(13-22)).
The value of 7 for which the radial probability density is a maximum i.e. the value of 7 for which"|

d
dr
The average radial position is given by the expectation value of r, given by

(r} Ry (r)]?) = 0 (3.38)

(ry = /000 r3dr[Ry (1)) (3.39)

3.7 Superposition

If an atom is in energy level n will it necessarily be in one of the 2n? states with this energy? The
answer is no - it will be in a random superposition of all states with that same energy. If an experiment
is designed to measure the component of angular momentum in a particular direction, a value for
that component will be obtained indicating that the atom is then in the state corresponding to that
particular value of m;. The act of measurement is said to cause the wave function to “collapse” from
the random superposition to one with a definite value of m;. This scenario is known as the Copenhagen
interpretation of quantum mechanics.

100f course there may be more than one maximum, and this condition will also give positions of minima.
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4 Transition probability

Spontaneous emission is the most familiar process involving radiation and atoms: an atom in an excited
state |2) undergoes a transition to a lower energy state |1) by emitting a photon. The frequency of
the radiation emitted 107 is given by

hvy = By — Fy (4.1)

Such a transition is characterised by a transition probability, As;, which is the probability per unit
time of an atom in state |2) undergoing the transition to state |1). If the excited state density is Na,
then the spontaneous emission power per unit volume is

P21 = N2A21h1/21 (42)

4.1 Radiative lifetime

As a result of spontaneous emission, the population Ny of the upper level |2) as a function of time is
governed by the equation

dNs
—= = —Ay1N; 4.3
a 211V2 (4.3)
for which the solution is
No(t) = No(0)e~ A2t (4.4)

where N5(0) is the population at ¢t = 0. Thus the upper level decays due to emission of radiation with
a lifetime given by

_ L
Aoy

For example, the transition probabilities and radiative lifetimes for the first few lines of the Balmer
series are given in Table

721 (4.5)

line ‘ A (nm) ‘ Ag (s7h) ‘ To1 (ns)
Ho (n=3—=2)| 656 [4.41x107 23
Hg (n=4-—2) | 486 | 8.42x 106 119
H,(n=5-—2)| 434 |253x10° 395
Hs (n=6—2) | 410 |9.73x 10° 1030

Table 4: Transition probabilities and upper level lifetimes for the first 4 lines of the hydrogen Balmer
series

HThese values are for allowed transitions, in contrast to forbidden transitions for which values of Az; are many orders
of magnitude lower. We will soon see what determines whether a transition is allowed or forbidden.
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Note that if transitions to more than one lower energy level are possible the radiative lifetime of
the excited state will be determined by the sum of the relevant transition rates,

_ 1
YAy,

(4.6)

72

4.2 Absorption and stimulated emission

Absorption and stimulated emission differ from spontaneous emission in that they occur only in the
presence of radiation at the transition frequency r»1, and their transition rates are dependent upon
the intensity of the radiation (See Figure @ These processes are characterised by the coefficients
Bis (absorption) and Bs; (stimulated emission), where the corresponding transition rates are given
by Biap(v) and Baip(v), where p(v) is the energy density of the radiation at the transition frequency
Vo1 = (E2 — El)/h

absorption stimulated emission spontaneous emission

Figure 9: (a) absorption; (b) stimulated emission; (c¢) spontaneous emission

The coefficients Asy, Bs; and B are known as Einstein coefficients. They are related via the
Einstein relations, which are given by

B
B—Z = 1 (4.7)
A21 87Th1/3

As eigenfunctions contain all the information we can know about a state, it is to be expected that
the Einstein coefficients will depend upon the eigenfunctions of the upper and lower levels. This will
be discussed in a later section. Note however that we need find this relationship for only one of the
coefficients and the other two can be found using the Einstein relations. The derivation of the Einstein
relations is given in Appendix

4.3 Allowed & forbidden transitions: selection rules

Transitions are called allowed or forbidden depending on whether or not they satisfy selection rules.
Selections rules are conditions on the change in quantum numbers between the two levels in question,
and are a consequence of the conservation of angular momentum during emission or absorption of a
photon. If the section rules are obeyed the transition is allowed; if not, the transition is forbidden.
For more details on this topic see Appendix [C]

Allowed transitions typically have transition probabilities ~ 10~"~10~8 s~!. For forbidden transi-
tions, transition probabilities are usually many orders of magnitude smaller.
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The selection rules for transitions between hydrogen states, characterised by the quantum numbers
are n, [, m; as discussed in the last section, are

Al = +1 Amy =0, +1 (4.9)

with no restriction on An. Forbidden transitions are not necessarily unimportant. For example, our
knowledge of the distribution of atomic hydrogen in our and nearby galaxies, is based on emission
from a forbidden transition in hydrogen, the 21cm line in hydrogen, which we will discuss in one of
the following sections. In this case, intensities are measurable as the large amount of neutral hydrogen
compensates for the very low transition probability.

4.4 Metastable levels

If a state has no allowed transitions to lower levels, the lifetime of that state will be much longer than
would be the case if there were one or more allowed transitions to lower levels. Such states are called
metastable states. In discharges, for example, the populations of such states can build up to levels
comparable to that of the ground stateB We shall see later that metastable states play a crucial role
in the population inversion mechanism of the He-Ne laser.

2Electron-atom collisions still provide a means of transition between states and ultimately limit how large the
metastable state population becomes.
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5 Quantum harmonic oscillator

The harmonic oscillator is described by the potential in Eq. and thus its Hamiltonian is given by
(5.1)
In order to simplify our following discussion, we define the variable

[mw d h d

and can rewrite our Hamiltonian as follows

1 2
= tho (_dé e ) (5.3)

In the next step we want to factorize the Hamiltonian in analogy to the identity
uw? —v? = (u—2)(utv). (5.4)

Hence we form two new operators as linear combination of the old ones

1 d mw D

The operators satisfy the following commutation relation

[a,a’] =1. (5.7)
Looking at the product of the two operators
tg— L (¢ d> 3 ( d)
a'a ﬂ<§ i) /3 §+d§ (5.8)
1[0 d? d d
~3 (¢ i i) .
1 d? d
=5 <52 T i + ¢, dg]> (5.10)
1, &
=3 <§ “a@ 1) (5.11)

we observe that we almost obtain the result which we wanted to obtain. Hence, the Hamiltonian can
be rewritten as

H = hw (a*a + ;) : (5.12)
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Lecture 10 M: 9.1-3, 10.1-3, 10.5; Read 10.1-2

Before interpreting the operators @ and a' physically, we have to show two more commutation
relations:

[H,a] = Ha — aH (5.13)
= hw (aTa + ;) a — ahw <aTa + ;) (5.14)
— fw (aTaa - aaTa) (5.15)
= hw (aTaa - (afa +[a, aT]) a) (5.16)
= —hwa (5.17)

and similarly for the operator af

[H,a'] = Ha' — ™ H (5.18)
= hw <aTa + ;) al —a'hw (aTa + ;) (5.19)
= hw (ct]Lanr — aTaTa> (5.20)
= hw (aTaaT —al (aaT + [aT, a])) (5.21)
= +hwa' . (5.22)

Now given an energy eigenstate |E) with a given energy F, we can calculate the energy eigenvalue of
the states a |E) and af |E) as follows

H(a|E)) = Ha|E) (5.23)

= (aH + [H,d]) |E) (5.24)

= (aF — hwa) |E) (5.25)

— (E - hw)(alE)) (5.26)

and

H(at|E) = (aTH +[H, aT]) |E) (5.27)

- (aTE + hwaT> ) (5.28)

= (E+ hw)(a' |E)) . (5.29)

Hence the states a|E), al |E) are also energy eigenstates with energies E 4 hw, respectively. The
operators a and af transform a state with energy F into a state with energy E =+ fiw. They are
denoted ladder operators, more specifically al is denoted raising operator and a lowering operator.

Next we have to find the lowest energy eigenstate. Classically we observe that there is a minimum
energy of the harmonic oscillator. Hence there has to be a lowest energy eigenstate

a|Ejpwest) =0 . (5.30)
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This is called the ladder termination condition. The energy of this lowest energy eigenstate is given
by

1 1
H |Elowest> = hw <(1Ta + 2) |Elowest> - 577,(,0 |Elowest> (531)

and we recovered the zero point energy. It is related to the fact that the ladder operators a and a' do
not commute. The energy of the state |n) is given by

B, = hw <n + ;) , (5.32)

because applying the raising operator a n times increases the energy with respect to the ground state
by n x hw. In addition to the ladder operators it is convenient to introduce the number operator,

N =a'a, (5.33)
which counts the energy quanta. It fulfills the following eigenvalue equation

Nn) =n|n) , (5.34)

where the n in |n) denotes the number of energy quanta. We can rewrite the Hamiltonian as

H = hw <J\7 + ;) : (5.35)

The wave function of the ground state ¢o(§) can be determined from the ladder termination condition

in Eq. [5.30]

1 d
0=adule) = 5 (£+ 12 ) l©). (5.36)
It is an ODE, which can be solved using standard techniques
mw\1/4 _ .
do(§) = (5) e (5.37)

All other energy eigenstates can be constructed from the lowest energy eigenstate using the raising
operator. By demanding that all states |n) are properly normalized,

(nln) =1, (5.38)
it is possible to show that the raising and lowering operators act on a state |n)

aln) =+/nin—1) (5.39)
alln) =vn+1jn+1) . (5.40)

Thus we can write the state |n) as follows

In) = \/17? (aT>n 0) , (5.41)

where we denoted the lowest energy eigenstate by |0). The factor 1/v/n! ensures that the states are
correctly normalized.
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6 Perturbation Theory

Most of the times we can not solve problems in quantum physics exactly, like for the hydrogen atom
and the harmonic oscillator. Thus we have to develop a technique to approximately solve problems.
Suppose we know the exact energy eigenvalues and eigenstates for a Hamiltonian Hy: E? and ‘n0>
respectively. We can obtain approximate solutions for the perturbed Hamiltonian Hy+ H' provided
the effects of the extra term are small.

We have to separately discuss the case of quantum states with degenerate energies. In the following
section we will focus on non-degenerate energies and only briefly comment on the case with with
degenerate energies.

6.1 Non-degenerate Perturbation Theory
We write our Hamiltonian as a sum
H = Hy+ \H', (6.1)

where we introduced a parameter A to keep track of the size of the perturbation. The energy eigenvalue
equation is given by

E,|n) = H|n) = Ho|n) + AH'|n) . (6.2)

We can expect that the eigenstates and eigenvalues will change by small amounts only. Thus we

can systematically expand the eigenstates [n) and eigenvalues F, around the eigenstates ‘n(0)> and

eigenvalues ET(,,O) of the Hamiltonian Hy.

n) = ‘n(0)>+/\‘n(1)>+)\2‘n(2)>—|—... (6.3)
E, =BV 4 W +2EP +. ., (6.4)

where
E© )n<0>> = H, )n(0>> . (6.5)

Writing down the eigenvalue equation for the perturbed situation,

(IS{O + Af{’) (‘n(0)> +A ‘n(1)> +. ) - (E,gO> +AED 4. ) (‘n(0>> +A ‘n(1>> n ) (6.6)

Collecting all terms of order \°, we find Eq. (6.5). At order A!, we find the equation which determines
the leading correction due to the Hamiltonian H’

n(0)> _ g ’n(1)> L EW ‘n(0)> (6.7)

n n

Hy ‘n(1)> +H

Lecture 11 Quiz

As the eigenstates of the Hamiltonian Hy form a complete set of states {!m(0)>}, i.e. a basis, we
can express the state ’n(1)> in terms of the |m(0)>

‘n(1)> = Zam )m(0)> (6.8)

and thus

ZE,gg)am ‘m(0)> +H n(0)> =EV Zam )m(0)> +EW ‘n(0)> . (6.9)
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Multiplying Eq. by <n(0)

, we find
EW = <n<°>\ﬁ’yn<0>> (6.10)

That is, the change in the energy of an eigenstate due to the perturbation is equal to the expectation
value of the perturbation with respect to that eigenstate. We can use this result from perturbation
theory to find the effects on energy levels of an atom of interactions associated with angular momentum
which were left out of the operator in Schrédinger’s equation. It can also be used to find the effects
on energy levels due to external electric and magnetic fields.

On the other hand, if we multiply Eq. by an arbitrary eigenstate p(0)> unequal to ‘n(0)> of
the Hamiltonian _HQ, we can determine the coefficients in the expansion

<m<o> | g/\n<o>>

2O 50 (6.11)

Ay =

Note that we did not determine a,, the correction in direction |n(0)>. It is not determined by Eq.
(6-8), but the condition that the perturbed state |n) is correctly normalised, (njn) = 1. To this
order in perturbation theory, we find a, = 0. Hence the approximate eigenstate |n) to the energy

E, = E,(LU) + E7(11) is given by
|n) = ‘n(0)> + Z am, ‘m(0)> . (6.12)

m#n

Above we have considered the first order corrections to the energy and wave function when a system
is perturbed. The theory can, of course, be extended to higher order corrections. Intuitively, if the
perturbation is small we expect E}ml) < E,SO) and that ‘n(0)> is the dominant term in the perturbed
wave function.

This procedure can be be continued to an arbitrary order in A, i.e. the perturbation H'.

6.2 Degenerate Perturbation Theory

The theory outlined above applies to non-degenerate eigenstates. For degenerate eigenstates the
theory is more complicated and we will not discuss it during this lecture course, but only state that
for degenerate energy eigenvalues, one has to consider the whole degenerate subspace and diagonalize
the perturbation Hamiltonian H' in the degenerate subspace. In practice, one has to determine the
matrix elements of the perturbation Hamiltonian in the degenerate subspace spanned by {|n)}, H, . =

<m[ﬁ ! \n> and diagonalize this matrix.
The effect of the perturbation may be different for the various degenerate eigenstates and generally

lifts the degeneracy. Thus a common effect of a perturbation is to ‘remove the degeneracy’, partially
or completely.
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7 Magnetic moments, gyromagnetic ratio, ESR, NMR

An electron has magnetic dipole moments associated with both its orbital and spin angular momenta.
For orbital motion we can find the relationship between magnetic moment and orbital angular mo-
mentum by considering an electron in a circular orbit of radius r. The angular momentum is given

by

L =mur (7.1)

The motion of the electron constitutes a current loop of area 7r2. The charge e completing an

orbit in a time 277 /v corresponds to an equivalent current of I = ev/(27r). The magnetic moment
of the current loop is, therefore:
ev o

€ UB
=JA=— = —L=-—L 7.2
a 27TT7rr 2m h (7.2)

where pup = eh/2m = 9.27 x 1072 amp m? is the Bohr magneton. In terms of vectors this relationship
is

gitB
m=—=r—L (7.3)

where g;, the gyromagnetic ratio, is equal to unity.
As you are aware, the electron also have a magnetic moment associated with its spin, with a similar
relationship,

n, = —%2Es (7.4)

where the gyromagnetic ratio in this case is an intrinsic property of the electron and has a value very
close to QE As |L|/h ~ 1 and |S|/h ~ 1, for both orbital angular momentum and spin p ~ pp.
We note for future reference that the proton also has an intrinsic magnetic moment,

IpHN
By, = ph I (7.5)
where I is the spin angular momentum of the proton (I = 1/2), un = (me/myp)up = 5.05x 10727 JT~1

is the nuclear magneton, and g, = 5.585. The neutron also has spin of I = 1/2 and a gyromagnetic
ratio of g, = —3.8261

Lecture 12 M: 12.1-2; Read: 12.1-2

7.1 Electron spin resonance (ESR)

A free electron in a magnetic field has two energy levels due to the two possible orientations of its
spin, and hence of its magnetic moment, with respect to the magnetic field. The energies of the levels
are given by

E=—psB= ge’%Bs ‘B= ge%BSZB = gepipmsB ~ £upB (7.6)

B3We will see later that ge = 2.00232. ..
11t may surprise you that the chargeless neutron has a magnetic moment. Like the proton, the neutron consist of
three quarks: their charges add to zero, but their magnetic moments do not cancel.
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since mg = £1/2, and g. ~ 2.
Radiation that satisfies the condition

hv =2upB (7.7)

will cause transitions in both directions between the two levels. This is called electron spin resonance
(ESR). Electrons which are effectively free can be found in radicalsH In contrast to molecules where
electrons usually have paired electron spins, radicals are characterised by unpaired electrons. For a
field of 1 tesla, v = 28 GHz (microwave); for a field of 1 mT v = 28 MHz (radiofrequency). The
width of the resonance depends upon the internal magnetic field distribution, which depends upon the
atomic environment of the electron; thus ESR spectra provide information about molecular structure
in situations where there is unpaired electron spin to act as a probe.

7.2 Nuclear magnetic resonance (NMR)

As noted earlier, protons have spin I = 1/2 and as a consequence they also have a magnetic moment
given by

Py = gp%NI (7.8)

In a magnetic field the proton spin has two orientations such that the components of the spin
parallel to B are myh where m; = £1/2. The energies of the two states are therefore given by

E=-ppB= —gp"%l B= —gp’%NIZB = —gpunmB = F2.79uy B (7.9)

Nuclear magnetic resonance occurs when electromagnetic radiation causes transitions between
these two levels. The condition for NMR in hydrogen is, therefore,

hv = 5.58unB (7.10)

For magnetic fields of around 1 tesla, the resonance frequency is in the radiofrequency range (42.5
MHZ)E Hydrogen atoms in different chemical environments are subject to different internal magnetic
fields, producing resonances at slightly different frequencies. Thus NMR in hydrogen is particularly
useful for studies of the structure of organic molecules. It is also the basis of the medical imaging
technique Magnetic Resonance Imaging (MRI) which produces images where the image contrast is
determined by proton density or various relaxation times. As these vary with the chemical environment
of the protons, MRI produces images with good contrast between different soft tissues.

7.3 Fine and hyperfine structure

The energy levels obtained by solving the energy eigenvalue equation for a Coulomb potential agree
with those given by Bohr’s theory. We have seen, however, that the levels are degenerate: there
are two or more different quantum states corresponding to each energy level. However, the electron
experiences a magnetic field due to its motion relative to the nucleus, and as a result there will be
additional energy associated with its magnetic moment in this magnetic field. The additional energy

5Tonising radiation can rupture molecules to produce radicals. The use of ESR to detect enhanced radical content is
the basis of a dating technique for artefacts that have been exposed to environmental ionising radiation. When applied
to tooth enamel ESR can be used to measure human exposure to ionising radiation after the event.

Y As pp ~ 10%un, for a given magnetic field the resonant frequency for ESR is about 1000x that for NMR.
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can vary among the degenerate states so that some of the degeneracy is removed. The resulting
different energy levels are referred to as the fine structure of the hydrogen energy levelsm

A similar, but much smaller effect occurs due to the magnetic field of the magnetic moment of
the hydrogen nucleus. The resulting different energy levels in this case are referred to as hyperfine
structure. To begin, we will look at the hyperfine structure of the ground state of hydrogen.

The term fine structure is also used to refer to the splitting of spectral lines into several closely-spaced lines as a
consequence of the fine structure of the energy levels.
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8 Fine structure, spin-orbit coupling, Dirac theory, Lamb shift

The Schroedinger equation is non-relativistic, i.e. it applies for small velocities v < ¢. Relating the
Bohr energy (i.e. the energy levels of the H-atom) to the kinetic energy of an electron, we obtain

1 1
iamc2 ~ imv2 = a~ % = % . (8.1)

As a = 1/137 is small we find that the non-relativistic treatment of the hydrogen atom is justified,
but relativistic corrections will play a role in precision studies. They contribute to the fine structure
of the hydrogen energy levels. We can identify three contributions to the fine structure of the H levels:

1. relativistic correction
2. spin-orbit coupling

3. Lamb shift (contributes to fine structure, but not of relativistic origin)

The first two contributions are of similar order of magnitude and strictly speaking are not really
independent corrections. In 1928 Dirac deduced the relativistic equation for a electron in a Coulomb
field in a way that included the effect of the electron spin. This comprehensive relativistic treatment
incorporates the first two corrections in the list above. We will consider here simplified estimates of
the corrections (detailed treatments are given in McIntyre §12.2).

8.1 Relativistic correction to H energy levels
The total energy (kinetic + rest) for a relativistic particle is given by
2 P \?
E =ym2ct + p2c?2 = mce*y\ /1 + (—) (8.2)
mc

If the relativistic effect is small (as it is in this case), we can expand this equation to give

1 /7pN\2 1/ p\4
E = 2 1 7(7) _,<7> 8.3
me [ * 2 \mec 8 \mc * (8:3)
Subtracting the rest mass energy we obtain for the kinetic energy up to the first order relativistic
correction,
2

po 1 ( p )4 2
——— = 8.4
2m 8 \mec me (84)

We can make a rough estimate of the relative magnitude of the first order relativistic correction to
the ground state energy (n = 1) using p/(mc) ~ « and ignoring numerical factors
1

Lrpyt o 1 42 2 —4
i o~ ~ ~ 10 8.5
8 (mc) me |Ex| G me T (8:5)
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Figure 10: Proton rotating around electron. (Taken from Mclntyre pg. 389)

8.2 Spin-orbit coupling correction to H energy levels

In order to understand the spin-orbit coupling, we will first consider the classical problem of a proton
orbiting an electron as shown in Fig. The magnetic field induced at the centre of the loop is given
by Biot-Savart law

pol

with the current I = ev/2nr, where v denotes the speed of the proton, which can be related to the
angular momentum of the electron (by considering the electron moving around the proton)

L
L=mer = wv= : (8.7)
mer
Hence the magnetic field at the centre of the loop is given by
L
_ Ko ¥ c I (8.8)

2r 2mrmr?  Admegmecird

As the magnetic field B and the angular momentum point in the same direction, we can write it as a
vectorial equation .
B = WL . (8.9)
Hence the energy of the spin magnetic moment of the electron in the magnetic field of the proton is
given by
AE =—pus-B (8.10)

with pg = —2458. Thus the energy is given by

2
KB €
AE=g.—S-B=—-—-S L 8.11
9ep dregm2cr3 (8:11)
and the corresponding Hamiltonian in quantum physics

A~ 62

H, S-L, (8.12)

° " 4dregm?2c2r3

This term couples the spin S to the orbital angular momentum L.

The z-component of the spin and the orbital angular momentum do not commute with ]flso, i.e.
[ﬁso,f/z] # 0, and thus are not preserved. They are no longer good quantum numbers which can be
used to describe the system.

However, the total angular momentum

J=L+S (8.13)

is a constant of the motion and commutes with the Hamiltonian.
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Figure 11: LS coupling (taken from Wikipedia)

Lecture 183 M: 12.2,11.1-2; 5-7 simplified; Read: M: 11.1-2

Thus we expect the state of an atom to be characterised by its value of total angular momentum.
See Fig. for an illustration of the addition of spin and orbital angular momentum. As is the case
for any angular momentum in quantum mechanics, J is quantised according to

J? = j(G+ 1R (8.14)
J, = myh (8.15)

where m; = 5,7 —1,...,—7.
L and S always add to give J. As the magnetic field of L will induce a torque

r=pxB (8.16)

on the spin S, S will precess and vice versa. In summary, both L and S must be precessing about J.
As a result their magnitudes remain constant but not their z components. It follows that when the
interaction between the orbital and spin angular momenta is taken into account, a stationary state of
the hydrogen atom is characterised by the quantum numbers n,1, s, j, m;. Such states are referred to
as coupled states, represented in ket notation aﬁ

Inljmy;) (8.17)

in contrast to the uncoupled states |nlsm;mg). Given that J =L+ S and s = %, the possible values
of j are
j=1+1/2,1-1/2 (8.18)

except if [ = 0 in which case j = 1/2 only.
We can use

J2=(L+8)*=L>+8*+2L-S (8.19)
to rewrite )
H, ‘ (I2-12-8?%) . (8.20)

) = 17
8mregmzc?r3

8We do not include the quantum number s as it is 1/2 for all states
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Thus the energy correction depends upon the quantum numbers j, [ and s. If we take r ~ a¢ and
L.S ~ /2, a small amount of algebra shows that

AE/E) ~a* ~107* (8.21)

Therefore the relative shifts in energy levels due to spin-orbit interaction are of the order a® ~ 1074,
As the shifts vary with quantum number, not all the states with the same n will have the same energy,
i.e. the spin-orbit interaction will remove some of the degeneracy.

8.3 Dirac’s relativistic theory

We saw above that the relativistic and spin-orbit corrections to the hydrogen energy levels are of order
a?. Strictly speaking, the spin-orbit correction is also a relativistic correction as it depends upon the
magnetic field experienced by the moving electron (the internal magnetic field B — 0 as v/c — 0).

The complete relativistic treatment of the hydrogen atom, incorporating the spin of the electron
was done by Diraﬂ in 1928 (for more detail see Appendix . His theory gives the fine structure
energy levels for hydrogen, and also a value of 2 for g.. The resulting energy levels are

a?puc? a? 1 3
E,, = — 1+—— - — 8.22
" 2n?2 [ - (j+1/2 4n>] (8.22)

Thus we see that the energy levels depend upon the quantum numbers j and n but not [. The
degeneracy of these levels is equal to the number of different m; values for a given j (which is 25 4+ 1)
summed over the relevant [ values.

8.4 Spectroscopic notation

The electron configuration for a particular state of hydrogen is given by nz where the letter x represents
the value of | where z = s,p,d, f, g, ... corresponds to [ = 0,1,2,3,4,.... The spectroscopic notation
for a state has the form

n* Ty, (8.23)

where X indicates the value of I: S, P, D, F,G,... correspond tol =0,1,2,3,4,...

The ground state of hydrogen has an electron configuration of 1s and its spectroscopic notation
is 129, s2- The configuration 2p corresponds to two states 22 P, 2 and 22 P, /2. For hydrogen the
superscript is always 2; this indicates that there are two values of j for each value of [ (except [ = 0,
for which there is only one Value)@

8.5 The Lamb shift

Although Dirac’s theory indicates that the 225, /2 and 22p, /2 states have the same energy, an exper-
iment by Lamb and Retherford in 1947 confirmed speculation that these states do differ in energy,
by an amount now known as the Lamb shift and equal to 4.37462 x 1076 eV (1057.77 MHz), which
is about one tenth of the fine structure splitting between the Dirac fine structure levels 22 P; /2 and

19See the recent biography: Graham Farmelo, The Strangest Man: The Hidden Life of Paul Dirac, Quantum Genius,
Faber & Faber, London 2009.

20Without the n value, spectroscopic notation can also used for multielectron atoms, where the quantum numbers now
refer to angular momenta of all the electrons.
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Figure 12: Fine structure of the n = 2,3 hydrogen levels. The spacing between the fine structure
levels is greatly exaggerated compared to the spacing between principal levels. The allowed transitions
between n = 3 and n = 2, i.e. the fine structure H, line, are also shown

22P, /2 This experiment was an important stimulus to the development of quantum electrodynamics
(QED), which explains the Lamb shift in terms of the effect on the electron of the zero point energy of
the quantised electromagnetic ﬁeldF_r] QED also leads to a value for g. (= 2.00232) slightly different
from the Dirac value (2).

In his Nobel Prize lecture, Lamb quoted the following qualitative picture of the level shift.

The fluctuating zero-point electric field of the quantized vacuum acts on an electron bound
in a hydrogen atom. As a result, the electron is caused to move about its unperturbed
position in a rapid and highly erratic manner. The point electron effectively becomes a
sphere of a radius almost 1072 cm. Such an electron in a hydrogen atom is not so strongly
attracted to the nucleus at short distances as would be a point electron. States of zero
orbital angular momentum like 22S; /2 are therefore raised in energy relative to other states
like 22P, /2 in which the electron has a smaller probability of being found near the nucleus.

The final picture then is that for each unique combination of the quantum numbers n,[, j there
is a distinct energy level with a degeneracy of 25 + 1. For a given n the sublevels are close together
with separations of the order of 10~* of the separation between levels with different values of n. This
fine structure of the energy levels means that the spectral lines resulting from the transitions between
states of different n consist of several closely spaced lines. The fine structure of the n =2 and n = 3
hydrogen levels and the transitions between them, which are the closely spaced components of the H,
transition, are shown in Figure

21 The 1955 Nobel Prize for Physics was divided equally between Willis Eugene Lamb (Stanford University) for his
discoveries concerning the fine structure of the hydrogen spectrum and Polykarp Kusch (Columbia University) for his
precision determination of the magnetic moment of the electron.
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9 Hyperfine structure; Addition of angular momenta

9.1 Hyperfine structure

An electron in the ground state of hydrogen (n = 1) has zero orbital angular momentum (I = 0).
The total angular momentum of the electron is due, therefore, to its spin only. There will be energy
associated with the interaction between the magnetic moments e of the electron and nucleus (proton)

Up-

~ 2 geBYpN
H},Lf,].s = gMO%&T)S I (9.1)

with the spin S (I) of the electron (proton). Each magnetic moment will experience a torque due to
the magnetic field of the other. There is no external torque on the atom, which in classical mechanics
would mean that the total angular momentum of the system is conserved. The corresponding state-
ment in quantum mechanics is that the system is characterised by a quantised value of total angular
momentum. If we use the symbol F for the total angular momentum we have

F=S+1 (9.2)
where, using the usual quantisation rules for angular momenta,
F? = F(F+1)i?
F, = Mgh where Mp=F,F—1,...,—F

where F' is the quantum number associated with total angular momentum of the atom.

Using the coupled basis with the total spin F', we obtain for the correction to the energy of the 1s
(n =1, 1 = 0) state (Note that there is no orbital angular momentum (thus j = 3) and we can use

the uncoupled basis for spin and orbital angular momentum) due to hyperfine splitting

Enris =

S

nlmy FISMp|H, f7ls|nlmlFISMF> (9.5)

2 ge
- <nzm,F15MF|3uog‘”;§p‘”V5(r)s : I|nlmlFISMp> (9.6)
- <nlmlFISMF|2uogengpmv(F2 - 12)5(r)|nzm,FISMF> (9.7)
2
= ~p0gepBIptN (F(F +1) = S(S + 1) = I(I + 1)) |thnim, (0)|? (9-8)

6

with the square of the spatial wave function [y, (0)|* = (nlmy|é(r)|nim;) evaluated at the origin
(the position of the nucleus), i.e. the hyperfine splitting is proportional to the probability of the
electron to be in the nucleus.

| 2

9.2 Addition of angular momenta
What is the value for F'?7 The simplest way to answer this is to consider the component values,
F, = S,4+1, hence (9.9)
Mpr = mg+my (9.10)
As mg and mj both have values of i% the possible values of Mp are

1 1 1 1 1 1 1 1
+t 0 r .t 1 11
+ ; 0; 55 =0 57 5 (9.11)
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Grouping these results as (1,0, —1) and 0, we can see that they constitute all the My values of F' =1

and F' = 0 respectively. Thus the spin angular momenta of the electron and proton can add in two

possible ways: one gives F' = 1 i.e. % + %, and the other F' = 0 i.e. % — % We are seeing here

a particular case of the addition of two arbitrary angular momenta. In general the total angular
momentum J of a coupled state |jim;,) |jam;,) can take values

J=g1+j2, g1 +j2— 1. 51— Jel (9.12)
and its z-component m is directly given by the sum of the z-components of the two coupled states

mgj = mj, +mj, (913)

A .
) ) %

(a) )

Figure 13: The spin-flip’ transition between the hyperfine levels of the hydrogen ground state that
leads to emission at 21 cm (1420 HHz).

The F =1 (upper) state corresponds to “parallel spins”; the F' = 0 (lower) state to “anti-parallel
spins”. As a consequence the transition between these two states is often called a “spin flip” transition.
The difference in energy between these states corresponds to 1420 MHz or in terms of wavelength, 21
cm. Emission on this line has allowed radio telescopes to map the neutral hydrogen distributions in
the Milky Way galaxy and other nearby galaxies. Note that as [ = 0 for both upper and lower levels of
this transition, it does not satisfy the selection rule Al = £1, and is therefore a forbidden transition.
Its transition probability is 2.9 x 10715 s~1, corresponding to a lifetime of 1.1 x 107 yearﬂ

22Compare this with the allowed H, transition, for which A = 4.4 x 10% s7! and 7 = 23 ns.
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10 Identical particles, symmetry requirements, fermions and bosons

We now turn our attention to the helium atom. The two electrons are identical and as their wave
functions will, in general, overlap it is not possible to distinguish one electron from the other. The
wave functions which describe the helium atom must be consistent with the fact that identical particles
are indistinguishable. To see the consequences of this suppose the wave function v (r1,r2) represents a
quantum system consisting of two identical particles whose positions are specified by ry and ro. If we
exchange the particles the system is now described by the wave function ¥ (ra,r1) . As the particles
are identical there can be no change in the physical reality of the system. Therefore, it must be true
that

W (r1,r2)* = [¢(ra,r1)]? (10.1)
From this we can conclude that

Y(re,r1) = £(r1,r2) (10.2)

i.e. the wave function must be either symmetric or antisymmetric with respect to interchange of the
particles. This requirement is a consequence of the indistinguishability of the particles. We will begin
our discussion of helium by considering first the description of the possible spin states for a system of
two spin—% particles.

10.1 Two spin—% particles

We can represent the two particle state by the ket |s1somime). As the state of each electron is
indicated separately, we refer to this representations as using an uncoupled basis. However, as s; and
so are always equal to %, we need only indicate the signs of the mg values :I:%. Therefore, possible
configurations of the two particle system are,

’++>7 ’+_>7 ’_+>7 ’__> (103)

The first and last of these are clearly symmetric, but the middle two are neither symmetric nor
antisymmetric. Note also that for these four states the total magnetic quantum numbers will be
Mg =ms, +ms, = 1,0, 0 and -1 respectively.

We can form symmetric and antisymmetric superposition states from |[+—) and |—+) as followsE

symmetric : ! [|+—) + [—+)] (10.4)

2

-5

antisymmetric : —[(|+=) = |-+)] (10.5)

N

We now have three symmetric states (with Mg = 1,0, —1) and one antisymmetric state (with
Mg = 0). The former are called triplet states, the latter a singlet state. This is not unexpected
since adding the individual spin angular momenta (s = % in each case) we obtain total spin quantum

numbers S =1 (Mg =1,0,—1) and S =0 (Mg = 0).

231f each ket is normalised,the 1/4/2 factor ensures that the linear combination is also normalised.
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We can represent the three symmetric and one antisymmetric states in terms of total spin quantum
numbers (called coupled basis states) |SMg) as follows

11) = |++) (10.6)
1

10) = —l+=)+ 1) (10.7)

1-1) = |—) (10.8)

00) = ——[(+-)—|-+)]. (10.9)

V2

The state |1Mg) is denoted triplet state and the state |00) singlet state. We can summarise the
symmetries associated with exchange of particles by introducing an exchange operator, Pis,

P2 |I1Ms) = +|1Ms) (10.10)
Pi5|00) = —]00) (10.11)

To complete the description of the helium atom we need to include the spatial part of the wave
function |¢spatiar), such that the complete wave function is given by

|¢> = |¢spatial> |wspm> (10.12)

We now consider the effect of symmetry requirements on the complete wave function.

10.2 Symmetric or antisymmetric?

As we have seen, the fact that particles are identical requires that systems of the particles be described
by symmetric or antisymmetric wave functions, but does not specify which. It is however a fact of
nature that particles can be divided into two groups:

bosons: particles with integer spin that have symmetric wave functions.

fermions: particles with half-integer spin that have antisymmetric wave functions.

As electrons, with spin %, are fermion the states of helium must be antisymmetric. As helium
states are the product of a spatial and spin part, as shown in Equation [10.12], antisymmetry may be
achieved in two ways:

‘wﬁﬁzum = ‘wfpatial> }¢£mn> (1013)
‘ w;?e‘?ium = ‘ wsApatial > } w;gpzn > ( 10. 14)

10.3 Two identical particles in one dimension

We can gain some insight into systems of two identical particles by considering a simple one-dimensional
system, an infinite square well of width L (x = 0 — L), which contains two non-interacting particles

24Protons and neutrons, both with spin % are also fermions; photons with spin 1 are bosons, as is the Higgs boson
with spin 0; atoms may be bosons or fermions depending the total spin of their composite particles: for example the

hydrogen atom is a boson, j = %,I = %—) F=1,0.
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with spin % Suppose one particle is in energy eigenstate ,, (energy: E, ) and the other in energy
eigenstate ¢, (energy: E,,). Note that the combined states

Pno (1) @ny, (x2)  and  on, (22)@n, (21) (10.15)
both have the same energy (E,, + E,, ) but neither satisfies either the symmetric or antisymmetric

requirement. However we can form linear combinations which do:

|0 ace) = Uiy (X1, 72) = [ng (21)Pn, (22) + Pn, (T2) 00, (21)] (10.16)

| oace) = Uik, (21, 32) = [na (1) @n, (22) = On, (T2)Pn, (21)] (10.17)

Sllvile

Specific example: ground state

If both particles are in the ground state i.e. n, = n, = 1, it is obvious that |¢£,ace> is identically zero,
so the ground state can only be the product of a symmetric spatial function and an antisymmetric
spin function:

|471) 100) (10.18)

For an infinite well where the energy eigenfunctions are given by

In) = pn(z) = \/Esin (?) (10.19)

the probability density function |17} (21, 22)|? is shown in Figure

Y N

S
e SN
o',,:’,:o::o,‘ <>

Figure 14: Probability density distribution for the ground state

Lecture 15 M:13.3-5

Specific example: excited state

Suppose one electron is in the ground state and the other in the first excited state. The wave functions
for these states are, respectively

p1(x) = +/2/Lsin(rx/L) (10.20)
pa(x) = 2/Lsin(2mx/L) (10.21)
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We now form the symmetric and antisymmetric spatial functions,

vhlene) = —sleieneale) + ealo)or (@) (10.22)
Pih(z1,m2) = L[901(961)<P2(962)—<P2(961)901(»”U2)] (10.23)

S

The probability density functions |47, (x1,22)|? and |15 (21, 22)|? are shown in Fig. We can
see that, on average, the particles are closer together for the symmetric combination than for the
antisymmetric combination. This effect is called the exchange intemctionﬁ We can quantify this by

calculating the average distance between the two particles <(x1 - m2)2>. In our specific example, we
find

0.20L symmetric wave function
((x1 — x2)?) = ¢ 0.32L distinguishable particles . (10.24)

0.41L antisymmetric wave function

See MclIntyre Sec. 3.2.4 for more details.
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(a) symmetric excited state (b) antisymmetric excited state

Figure 15: Probability density distributions

10.4 Interacting Particles

So far we did not consider any interactions between the identical particles. However, in interesting
realistic situations, e.g. the two electrons in a helium atom, there are interactions betweent the
identical particles. Let us assume that the interaction only depends on the particle separation

H' = Vipt(z1 — 22) (10.25)

and that it can be treated in perturbation theory. Hence the correction to the energy of the state
‘1/1(0)> is described by

EML — <¢(0> | g/|1/,<0> ' (10.26)

25The effect is also often said to be the result of an exchange force, but we need to realise that this can only be
an apparent force. It is a purely quantum consequence of the symmetry requirements and not related to any of the
fundamental force interactions.
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As we argued previously the quantum state is a product of the spin and spatial part of the wave
function, i.e.

E(l) = <7;Z)spatial|f{,‘wspatial> <wspin|wspin> . (1027)

The spatial part of the ground state wave function has to be symmetric irrespective of the spin of the
particles. Hence we find

B = (6Bl 8 = [ doidoai (@) pi(en)Vim(or — sa)r(@)palon) = Ju . (1028)

In case of the first excited state, the spatial part of the wave function can be either symmetric of
antisymmetric. Defining the direct integral Jn,, and the exchange integral Ky,

Inm = /dﬁld@sﬂ;(?ﬁl)s@%(m)%m(fﬂl — 22)n(T1)om(z2) (10.29)
Kom = [ dzrdoagi (@) @)Vins(ar = w2)pna)om(@n). (10.30)
we find for bosons
Eg) = Jiz2 + K12 (10.31)
and for fermions
B = Jip + Ky (10.32)

with a + (—) sign for a (anti-)symmetric spatial wave function.
We now apply these concepts to the helium atom.

10.5 Helium atom

The Hamiltonian operator for the relative motion of a helium atom is

. K2 2¢2 K2 262 e2
H=-—V} 3

1

(10.33)

- - —V5 - +
2m 471'6()7"1 2m 471'607’2 47‘(’607”12

where r12 = |r1 — r2|. The last term is due to the electrostatic interaction between the two electrons
and is not a small correction to the non-interacting Hamiltonian.

Suppose we initially ignore the interaction term. In this case each electron has energy levels equal
to those of a “hydrogen atom with Z = 2”. Thus the zeroth order energy of the helium atom will be

EY  =-4Ryd <nlg + nlg) : (10.34)
One of the electrons in helium is always in the ground state. The state with two electrons in the
excited state has energy Eég) = —2Ryd, which is larger than the ground state energy of singly-ionised
helium E1, = —4Ryd. Hence the state with two excited electrons has a very short lifetime.

The interaction between the electrons will correspond to an increase in the energy. As this de-
pends upon the relative distance between the electrons it will depend upon the electron probability
distributions of each electron, which themselves depend upon their n and [ quantum numbers. We

will follow Mclntyre and call this increase

93



— 451,100)
(a) bosons 7 I Kiz

. Jiz
E1+E2
#S11100)
¢
/ iy
r!
T —
2E,
S 1512/00)
(b) fermions P 1
’ N 2!{12
-l T A1)
1+E52
w5100}
; .
;‘J J-” :
A ———————
2E,4

Figure 16: Energies and state vectors for the ground and first excited states of two identical paritcles
(taken from Mclntyre Sec. 13.3 pg 426)

Jnala,nblb (1035)

Noting that each state specified by n4l,, nplp consists of a singlet (S = 0) and three triplet states
(S = 1), we now take account of the exchange interaction, which leads to the average distance between
the electrons in the singlet state being less than that for triplet states. Because of the electron-electron
electrostatic interaction this means that the singlet state energy will be higher than that of the triplet
states. Again following Mclntyre we designate the energy change due to the exchange interaction as

[43 ”

(“4” refers to the singlet state; “—" refers to the triplet state),
£ Koy nyly (10.36)

10.5.1 Ground state of helium

For both electrons n = 1, [ = 0 and m; = 0 with an electron configuration 1s2. As we have seen for
the 1D examples, it follows that @DQDGCG = 0, i.e. there is no triplet state: the ground state of helium
consists of a singlet state only.

10.5.2 First excited state of helium

One electron remains in its ground state (n = 1, [ = 0), the other in the first excited state (n = 2,
[ =1,0) with corresponding electron configurations 1s2s and 1s2p. The effects of electron interaction
and the exchange interaction on the energy levels are summarised in Figure
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Figure 17: The effect of the electron-electron interaction and the exchange interaction on helium

energy levels. Reproduced from Figure 13.9, Mclntyre p432.

10.5.3 Spin-orbit coupling in helium
When spin-orbit coupling is taken into account we find the the triplet states have different energies.

This is discussed further in Section [[1.2.

10.6 Pauli exclusion principle
Consider the possibility of the two electrons in a helium atom having the same set of quantum numbers,
i.e. of being in the same quantum state. As the mg values are the same, the spin wave function must

be symmetric, and therefore the spatial wave function must be antisymmetric, wﬁmce. However if
the quantum numbers n, [, and m; are the same w;“pace = 0, and as a result the total wave function
vanishes. It follows that it is impossible for the two electrons to be in the same quantum state. This

is in fact a statement of the Pauli Fxclusion Principle. More generally, for a multielectron atom, this
principle states that no two electrons can be in the same quantum state i.e. the same set of values for
their quantum numbers.

The fact that the ground state of helium consists of a singlet state only is an example of the Pauli
exclusion principle. As both electrons have n = 1, [ = 0 and m; = 0, they must have different values
of mg: one —1—%, the other —%. The only possible value of Mg is therefore zero. It follows that S can
only be zero, i.e. the ground state can only be a singlet state.

The Pauli Exclusion Principle is a consequence of the fact that electrons are fermions. There is
no equivalent principle for a system of bosons: e.g. a laser is a system of bosons (photons) all in the
same quantum state; Bose-Einstein condensation involves placing a collection of atoms with integer

spin (i.e. bosons) into the same quantum state.
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10.7 Bose-Einstein condensation

Hydrogen atoms in their ground state are bosons as they have integer spin: the proton has spin
I = 1/2, the electron has spin s = 1/2, so the total spin quantum number is F' = 0, 1. For atoms at
temperature 7', the de Broglie wavelength is given by

h o h n2 \'?
A= — ~ ~ 10.37
P muy, <3ka> ( )

where the root mean square speed has been used for vy,. If the atoms are cooled until A is greater
than the inter-atom spacing the wave functions of the atoms will overlap and the collection of atoms
must be treated as a single quantum system of indistinguishable bosons.

When this situation is reached by cooling the atoms, the atoms undergo a quantum mechanical
phase transition and form a Bose-FEinstein condensate: a coherent cloud of atoms all occupying the
same quantum state; they can occupy the same quantum state because they are bosons.

Experiments since 1995 have achieved Bose-Einstein condensation with different atoms] For
hydrogen, temperatures ~ pK are required. Atoms in the gaseous state can be trapped and cooled to
such temperatures using the techniques of laser coolingiﬂ

263ee " The Theory of Bose-Einstein Condensation of Dilute Gases”, K. Burnett, M. Edwards and C.W. Clark, Phys.
Today, 52 37 (Dec 1999)
27 See ” Cooling and Trapping Atoms”, W.D. Phillips and H.J. Metcalf, Sci. Am. 256 36 (Mar 1987)

o6



Lecture 16 M: 13.5; Read M:13.5

11 Multielectron atoms

Consider an atom with atomic number Z: the nuclear charge is +Ze and there are Z electrons.
According to the Pauli exclusion principle, each quantum state can contain one electron only. For the
moment we will ignore spin-orbit coupling and specify a quantum state by the quantum numbers n,
I, s, m; and ms. Each value of n specifies a shell; each value of [ specifies a subshell. Taking account
of the two possible values for m, (+3), each full subshell contains 2(2/ + 1) electrons and each shell
contains 2n2electrons, as summarised in Table

shell subshells 2n?
n=111=0; two 2s electrons | 2
n=2|1=0; two 2s electrons | 8
[ = 1; six 2p electrons

n=23|1=0; two 2s electrons | 18
[ = 1; six 2p electrons
[ = 2; ten 2d electrons

Table 5: Shell and subshell structure for a multielectron atom

The total angular momentum of a full subshell is zero as it contains electrons with all possible
values of my (1,1 —1,...,—1) and m, (£3) the sum of which is clearly zero. As the component value
of the total angular momentum can only have the value of zero, the total angular momentum itself
must be zero. It follows that the total angular momentum of a multielectron atom will be due to only
those electrons in unfilled subshells. We will look at a simple multielectron example: alkali atoms.

11.1 Alkali atoms

The ground state of an alkali atom has one electron in an s state with all lower energy electrons in
full subshells. This s electron is called the optically active electron as the emission spectrum of the
atoms is almost entirely due to excitation of this electron and its subsequent radiative decay, while
the electrons in full subshells remain unexcited. For example. the ground state electron configuration
for sodium (Z = 11) is 1522522p%3s; the first excited configuration is 1522s22p%3p.

As the total angular momentum of a full subshell is zero, the total angular momentum of the
electrons in an alkali atom is due to the optically active electron only. Unlike the electron in the
hydrogen atom, however, this electron does not experience a Coulomb potential, as the Coulomb
potential of the nucleus is modified due the the combined effect of all the other electrons. Thus the
energy levels depend upon the values of the quantum number [, as well as n and j. @

When spin-orbit coupling is taken into account the states are characterised by the quantum num-
bers n,l, j, m;; the energy levels correspond to each unique combination of n,, j, and their degeneracy
is 2j + 1, the number of different values for m;. The selection rules for allowed transitions are:

281f the Lamb shift is ignored, it is only for a Coulomb potential that energy levels do not depend upon the quantum
number [. Irrespective of the functional form of V' (r) however, the § and ¢ equations are the same. Thus for multielectron
atoms we can describe electron configurations using the same notation as used for for hydrogen, e.g.1s ,2s ,2p, etc.
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Aj = 0,£1 (11.2)

Example

The ground state of sodium has an electron configuration 1522s%2p°®3s, for which the spectroscopic
notation is 2.5, /2. For the first excited state the electron configuration is 1522522p%3p, for which there
are two states with spectroscopic notations of 2P /2 and 2p, /2, as shown in Figure These two
excited states have different energies (values of n and [ are the same but j values are different), and
transitions from both of them to the 25, /2 ground state are allowed - they satisfy the selection rules.
The resulting two closely spaced spectral lines are the yellow doublet which is responsible for the
strong yellow light from sodium lamps.

- 2
- Psp
2
Py
2
ns S

Figure 18: The energy levels of the sodium corresponding to the ground and first excited electron
configurations. The two allowed transitions shown are the well-known yellow doublet of sodium:
A =589.0 and 589.6 nm

11.2 The helium atom

Helium, with two electrons, is another simple example of a multielectron atom. Its ground state
configuration is 152 and exited states usually involve only one excited electron: 1snl. As we have seen,
adding the spin of the electrons leads to either S = 0, a singlet state, or S = 1, a triplet state. If we
now add the orbital angular momenta, noting that [ = 0 for the 1s electron, we find that L is equal to
the value of [ for the excited electron. We then obtain total angular momentum values J by adding
total spin and total orbital angular momenta.

For example, consider the 1s3d excited state of helium (s; = 1/2,l; = 0;s2 = 1/2,la = 2).
Combining spins gives S = 0,1; combining orbital angular momenta gives L = 2. This results in
a singlet state with J = 2 (1Ds), and a triplet state with J = 3,2,1 (3D321). When spin-orbit
interaction is taken into account, singlet states remain single energy levels, while triplet states split
into three different energy levels corresponding to the three values of J . This is illustrated in Figure
The selection rule

AS =0 (11.3)

means that allowed transitions occur are only between singlet states or between triplet states, i.e. a
transition between a singlet and a triplet state is forbidden.
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Figure 19: The energy levels of helium corresponding to the excited electron configuration 1s3d.

11.3 LS coupling

The determination of the total angular momentum of helium states is an example of LS coupling@
It is applicable for atoms of small or intermediate atomic number where the spin-orbit interaction
is weaker than the interactions between the spin and orbital angular momenta themselves. Thus to
determine the total angular momentum we first add the spin angular momenta of the electrons to get
a total spin angular momentum, and similarly add the orbital angular momenta of all the electrons
to get the total orbital angular momentumlﬂ

L = Li+Lo+Lg+... (11.5)

The total angular momentum is then given by

J=L+S8S (11.6)
11.3.1 Selection rules for LS coupling
For the energy levels resulting from LS coupling allowed transitions obey the following rules.

e Only one electron undergoes a transition between sublevels
e For this electron Al = +1

e The changes in S, L and J must satisfy

AS = 0 (11.7)
AL = +1 (11.8)
AJ = 0,41 butnot J=0—J=0 (11.9)

Returning again to helium, Figure [20]is an energy level diagram for helium with singlet and triplet
levels grouped separately, and it shows allowed transitions. Due to the AS = 0 selection rule there

29 Also called Russell-Saunders coupling.
30For high Z atoms a better description is given by the jj coupling scheme: for each electron the spin and orbital
angular momenta are added to get a total angular momentum j. These are then added to obtain the total angular

momentum J for the atom.
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is no allowed transition from the lowest triplet state to the only lower state, which is a singlet state
(this transition would also violate the AL = +1 selection rule). Also there is no allowed transition
from the first excited singlet state: a transition to the lower singlet state would violate AL = 4+1 and
a transition to the lower triplet state would also violate AS = 0. The lowest singlet and triplet states
of helium are, therefore, metastable states.

singlets  triplets

|

:
A

|

Energy (eV)

metastable —

E Ground
-245 state

Figure 20: Energy levels and allowed transitions for helium. Singlet and triplet states are shown
separately. Note that the lowest singlet and triplet states are metastable. Based on Figure 13-5, An
Introduction to Quantum Mechanics, A.P. French & E.F. Taylor (Thomas Nelson 1979).
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12 Zeeman and Paschen-Back effect

The Zeeman effect is the splitting of atomic energy levels by an externally applied magnetic field. As
a result spectral lines are split into several lines whose spacing increases with increasing magnitude of
the field. We will discuss the effect in detail for two limiting circumstances: when the applied field is
small relative to the internal magnetic field of the atom (~ 17"), and when it is much greater than the
internal magnetic field. The intermediate case, where the external and internal fields are comparable,
is much more complicated and will not be considered.

The quantitative treatment of the Zeeman effect is an example of time-independent perturbation
theory. Suppose the unperturbed atom (i.e. B = 0) has a Hamiltonian operator JEIO, with eigenstates
‘n(0)> and corresponding eigenvalues E}LO), where the zero superscript signifies the unperturbed atom.
Suppose the atom experiences a small perturbation (due to the applied magnetic field, i.e. B # 0),
represented by the new Hamiltonian HO+4 H'. This different Hamiltonian will, in general, have different
eigenstates and eigenvalues.

The essence of perturbation theory is the assumption that the perturbation is sufficiently small that
we can use the unperturbed eigenstates to estimate the small changes in the eigenvalues. Typically the
eigenvalues are shifted by small amounts, often in such a way that any degeneracy in the unperturbed
system is reduced. The simplest situation is when the eigenfunctions of HOY are also eigenfunctions for
H'. In this case, which, as we will see is true for the Zeeman effect, the energy shift is given by the
expectation value of the perturbation Hamiltonian H’ according to the unperturbed eigenstates. The
first-order correction to the unperturbed energy E}lo) is therefore given b

EW = <n<0>u;r'yn<0>> (12.1)
We will consider three situations:

1. The Zeeman effect for a state without spin, i.e. a singlet state, for which S = 0. This is know
as the normal Zeeman effect as it can be explained classically.

2. The Zeeman effect for a state with spin in a weak magnetic field. Although this is called the
anomalous Zeeman effect it is in fact the general case of the effect of a weak external magnetic
field where in general S # 0. The normal Zeeman effect is a special case where S = 0.

3. The Zeeman effect for a state with spin in a strong magnetic field. This is called the Paschen-
Bach effect.

12.1 Zeeman effect without spin

The perturbation to the Hamiltonian is the energy of the magnetic moment due to orbital angular
momentum in the external magnetic field. The additional energy is given by
_ kBB

E=-p,B=""L (12.2)

31Tn the terminology of perturbation theory this is called the zeroth approximation to the solution of the perturbed
problem. We will consider the first order correction only, but perturbation theory allows for higher order corrections.
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where we have used

=-——L 12.3
1299 3 ( )
The perturbation Hamiltonian is therefore
. B .
o =HBZF, (12.4)
h
As the unperturbed eigenstates are |lm;), the energy shifts are given by
M peb
E = lml|TLzllml = uBBml <lml\lml> (12.5)

where we have used the fact that L, |lm;) = myh|lm;). Noting that (imy|lm;) = 1, the energy shifts
are

EWY = ugBmy (12.6)

Thus the external magnetic field removes the degeneracy with respect to the magnetic quantum
number m;. Figure 21| shows the effect on a level corresponding to [ = 1, resulting in separate energies
for m; = 1,0, —1.

l=1 ----- ml=0 A B O
ml— 1 /I:
j=() ——t———- x m;=0 I I I B =0

Figure 21: The effect of a weak external magnetic field on singlet states with I = 1 and I = 0. The
splitting of the allowed transition between the levels is also shown on the right.

In the absence of an external magnetic field, the transition between levels Fo and FE; produces
radiation at frequency vy = (E2 — E1)/h. In the presence of an external field, the energy difference
becomes

(E2 — El) — (E2 — El) + ,uBBAml (127)

The selection rules are Am; = 0,+£1, resulting in the spectral line splitting into three: two lines
equally space about an undeviated line (see Figure :

B B
MBT’ vy v+ EEZ (12.8)

vy — Vg —
h

12.2 Zeeman effect with spin

In this case the magnetic moment is given by@

32For simplicity we use g. = 2 instead of the more precise value g. = 2.00232...
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S L

W=ty =—2upp — pBY (12.9)
and the perturbation Hamiltonian is given by
N B . A
H=-p B=—pB= %(252 +1.) (12.10)

Lecture 18 12.3; Read: M: 12.3.1

12.2.1 Weak magnetic field - anomalous Zeeman effect

The unperturbed eigenstates are |ljm;), which are degenerate with respect to m;. The fact that,
due to ge =~ 2, p is not parallel to J = S 4+ L is a complication. However the assumption of a weak
magnetic field allows the following simplification.

If the external field is weak compared to the internal magnetic field of the atom, p precesses around
J much faster than it does about B. Thus the component of p in the direction of B is to a good
approximation equal to its component parallel to J multiplied by the cosine of the angle between J
and B - see Figure Hence the additional energy due to the external field is

u < —(L +2S)

Figure 22: Precession about an external magnetic field of total angular momentum J and total mag-
netic moment p for the case of a weak magnetic field.

E=—u.B (12.11)

where
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nw-J J-B
y = — X — 12.12
up (L+2S)-(L+S)J.B
= —— 12.1
h J JB (12.13)
pp (L? 4 25% 4+ 3L - S)
_ ; 12.14

With a little algebraic manipulation we get (using J2 = L% + 5% + 2L - S)

upB (3J% + 5% — L?)

g o= b s 7. (12.15)
= %BJZ (12.16)

where

(12.17)

is called the Landé g factor.
The perturbation Hamiltonian is therefore

gLpupB -

H = J. (12.18)

and following the same procedure used for the normal Zeeman effect, the first order correction to the
energy level is

E® = <ljmj\9L#Bsz\ljmj> = grupBm; (12.19)

When a magnetic field is present energy levels that were degenerate with respect to m; split into
2m; + 1 different levels. In addition to the selection rules already discussed there is now a selection
rule for my:

Amj =0,+1 (12.20)

The discussion above obviously applies to the hydrogen atom but it is also applicable to any atom
where the energy levels are determined by LS-coupling i.e. the energy levels of a multielectron atom
that are characterised by quantum numbers S, L, J, M, E

Example

Consider the Zeeman effect for the 32P, /2 excited states of sodium and the 329, /2 ground state. The

g1, values are % and 2 respectively. In the presence of a weak magnetic field, the energy levels will

split according to:

33The convention is to use upper case for angular momenta quantum numbers of multielectron atoms where the angular
momenta are the result of summation over two or more electrons. Lower case is used where only one electron is involved
- hydrogen and alkali atoms
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2
Ey — Eg—l-g,uBij (1221)

B — E1—|-2[LBij (1222)

where in both cases Mj; = +1/2. Thus the split energy levels are:

Ey + upB/3 (12.23)
Ey + upB (12.24)
Applying the selection rules, there will be four transitions, from each of the two excited states to

each of the two ground states, and because the g;, values are different there will be four different lines,
given by

2upB
+-— 12.2
TR (12.25)
4,uBB
+-— 12.26
vo+ S1E (12:26)

Thus we see in Figure 23| that the Zeeman components consist of four lines in two groups of two,
symmetrically spaced on either side of the unperturbed line, vy, but note that there is no line at vy.

E,+ wB/3
< E, +u,B ||§||B¢o
2S1/2 E[ ———— —ID
%

————— E]'.“[;B
B=0 B#0

Figure 23: The Zeeman splitting of the 25, /2 and ’p /2 levels of an alkali atom. Also shown are the
four allowed transitions,

12.3 Strong magnetic field - Paschen-Bach effect

If the external magnetic field is stronger than the internal magnetic field of the atom pg and pr
precess about B much more rapidly than they do about J. Thus their interactions with the external
field are much greater than the effect of the spin-orbit interaction, which can be ignored as a first
approximation. We take, therefore, the unperturbed eigenstates to be the uncoupled states |lsm;mg).
The perturbation Hamiltonian is given by,
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H=-puB = ’%B(L+2S)-B (12.27)
B . N
- L?L (L, +25.) (12.28)

In the presence of a strong magnetic field, the first order correction to the unperturbed energy
level is

B . )
EW® = <l8mlms\m;;(Lz + QSZ)]lsmlmS> = upB(m; + 2my) (12.29)
The selection rules are Amgs; = 0, Am; = 0,4+1. This leads to spectral lines being split into three
components as in the normal Zeeman effect:

v=r- s Yo, W + — (12.30)

12.4 Arbitrary magnetic field

For the first excited state of the optical electron of an alkali atom (np), Figure shows how the
energy level spitting varies as the magnetic field increases from zero to large values. The energy level
structure varies from that of the anomalous Zeeman effect at low fields to that of the Paschen-Bach
effect at high fields. The intermediate region where the external field is of comparable magnitude to
the internal field cannot be treated simply.

12.5 Summary

If an external magnetic field causes a spectral line to split into three lines, two of which are equally
spaced about an undeviated line, it is either a case of the normal Zeeman effect (weak field, transitions
between singlet states) or the Paschen-Bach effect (strong field). In either case (we do not need to
know which), the line spacing Av is related to the magnetic field by

ppB

av| = 2= (12.31)

In such circumstances, the line spacing can be used to measure the magnitude of the magnetic
ﬁeld@ If the line is split into an even number of components, displaced symmetrically about the
position of the undeviated line (and there is no line in that undeviated position), it is a case of the
anomalous Zeeman effect, and the relation between the spacing between lines and the magnetic field
is proportional to upB/h, where the constant of proportionality is of the order of unity but dependent
upon the quantum numbers of the energy levels involved.

34This is how magnetic fields on the surface of the Sun in the vicinity of sunspots have been measured - it is a strong
field case. Information about the direction of the magnetic field is also available as the polarisation of the Zeeman lines
is determined by the relative direction between the line of observation and the direction of the field.
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Figure 24: The energy levels of the np first excited state of the optical electron of an alkali atom as
a function of magnetic field. The two levels have spectroscopic notations 2P /2 and ’p, /2 (based
on Figure 93, Introduction to Modern Physics, F.K. Richtmeyer, E.H. Kennard and T. Lauritsen

(McGraw-Hill, New York, 1955)
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Lecture 19 M:14.1-4; Read: M: 14.1-2

13 Time-dependent Perturbation Theory

We have already argued that as the energy eigenstate contains all the information we can know about
a stationary state of an atom, the transition probability for a transition between two states must
depend upon the wave functions of those states. We will now seek this relationship, focussing on
absorption and stimulated emission. Once we have the Einstein coefficients for these processes, the
spontaneous emission transition probability can be obtained using the the Einstein relations.

The rigorous treatment is an example of time-dependent perturbation theory: the perturbing
Hamiltonian is a function of time, H’(t (t) . In Sec. |§|We discussed how we can obtain an approximate
solution to the energy elgenvalue equation of an Hamiltonian H= Ho + H ', if we know the solution
to Hy and can consider H' a small perturbation. We however assumed that the Hamiltonian does
not depend on time. In the following we will consider perturbations which depend on time, like the
absorption or emission of a photon.

13.1 Interaction Picture

As we are dealing with a time-dependent Hamiltonian, we have to return to the Schrodinger equation
in its original form. So far we always considered the Hamiltonian to be time-independent, while
the quantum states evolved with time. This is commonly denoted as Schriodinger picture. If we
however consider the states

W)y = ez‘H(t—to)/hw(t» (13.1)
we find that
Zh% |’¢> ’Lh%e (t—to /TLW}( )> H(t to)/h < H |’l7ZJ( )> —{—lh ‘¢( ))) (13.2)

This is commonly denoted as Heisenberg picture. In this picture, all operators
AH(t) _ eiH(tfto)/hAefiH(tfto)/h : (13.3)

e.g. momentum operator, will be time-dependent and satisfy

d T - " o
—A —[Hg(t), Ag(t —Ag(t) . 13.4
g H(t) = h[ H(t), H()]+8t () (13.4)
We will now consider the interaction picture, in which both the Hamiltonian anfi the quantum state
will depend on time. It is useful for cases, where we can split the Hamiltonian H(t) = Ho + H'(t) in

a time-independent part Hy and a time-dependent one H'. 1t is defined by

~

|¢(t)>l _ eiﬁo(t—to)/ﬁ 4 (t)) Ar(t) = 6iﬁ0(t—to)/ﬁAe—iﬁo(t—to)/ﬁ ) (13.5)

35Gee McIntyre, §14, p445.
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13.2 Transition probabilities

We rewrite the Schrodinger equation for the Hamiltonian H = Hy + H’ (t) in the interaction picture

i (1)) = e T 1) (13.6)

= By (1) + P i D ) (13.7

= —Ho (1)) + e (o + 7' (8)) [ (8)) (13.8)

= —Ho [Y(1); + e/ (g + H'(1)) M ), (139)

= =) () =)y (1)), (13.10)

— (1) 1), - (13.11)

We can now formally integrate the equation and obtain

(), = [¥(to)); + k. tﬁ}(t’) [w(t)), dt’ . (13.12)

ih

to

This integral equation can be iteratively solved by plugging the solution back in on the right-hand
side of the equation, i.e.

t

2t t
() = ttol)r + 5 ﬁ}(t’>|w<to>>1dt’+<;> | [ a e oo, + ..
(13.13)

We will only consider the leading order transitions. If we have the set of solutions |n) to the Hamilto-
nian Hy, we can calculate the amplitude to find our particle in state |n) at time ¢ if we start in state
|m) at time to. The states in the interaction picture are given by

n, t), = eHolt=to)/h ) (13.14)

Inserting the states in Eq. [13.13} we obtain

t
(n, (1)) = <n,t\m,t0>,+_1/ (n. 1B} () m. 10) dt (13.15)
ih Ji, I
t
= ¢i(Bmto=Ent)/h <5nm £ 2 [ BB (nlf' () m) dt’) . (13.16)
Zh to

Hence the probability for a transition from the state |m) to the state |n) is given by

1 [t , . 2
{(En—Em)t'/h 104!
g /to e <n\H (t)]m>

Pon(t) = (13.17)

13.3 Fermis Golden Rule

What is the mechanism for the interaction of an electromagnetic wave with an atom? The electric
field of the wave will in general induce an electric dipole d = —er in the atom. There will be energy
associated with the dipole in the electric field given by

69



~d-E (13.18)

where the electric field due to the electromagnetic wave can be represented ag’|
E(t) = 2&yé coswt (13.19)

where € is a unit vector specifying the polarisation of the radiation. The perturbing Hamiltonian is,
therefore
H' = 2eyé - rcoswt (13.20)

More generally for Hamiltonians of the form

H'(t) = 2V (r) coswt , (13.21)
the transfer rate R = %P from an initial level ¢ to a final level f with an energy difference hwy; =
|Ey — Ej| is encapsulated in the following equation, called Fermi’s Golden Rule,

2w
R = ﬁmﬂza(wﬁ —w), (13.22)

which we obtain by inserting H’ in Eq.(13.17).
For the problem under consideration, V(r) = e&yé - r so that

Vii oc (f]r|i) (13.23)

Leaving aside the various multiplying constants we can see that the transfer rate is proportional to
| (f|r]i) |* and also to . The latter is proportional to the radiation density p(vy;) allowing us to
conclude that the former is proportional to the Einstein coefficient B;y (= By;). Including now the
various constants, we quote the final result in terms of the upper state |2) and a lower state |1):

By = By = 2r|1) |? (13.24)

me?
Beal?
and using the Einstein relations we obtain an expression for the spontaneous emission transition
probability for |2) to |1),

_ wyy
~ 3meghcd

We see that when radiation of frequency ws; is incident upon an atom, the probabilities of ab-
sorption (ox Bpg) and stimulated emission (o< Bsp) are equal. The actual rates will depend upon the
population densities of the lower and upper states respectively. If the density of the lower |1) exceeds
that of the upper |2), absorption will dominate. If, however, the density of the upper |2) exceeds that
of the lower |1), there is a population inversion and stimulated emission dominates; the medium will
be able to amplify radiation at frequency we;. With the addition of an optical cavity and an output
coupling mechanism (e.g. a partially transmitting mirror at one end), we have a laser.

Ax [ (2[r|1) | (13.25)

36The factor of 2 may not seem necessary. It is introduced in order to remain consistent with the way McIntyre
represents the electromagnetic field. It has no effect, of course, on the results for the Einstein coefficients . See the
discussion on p454 of Mclntyre.
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13.4 Selection rules

We are now in a position to understand the origin of selection rules. They are the conditions that
ensure the transition between |2) and |1) is allowed, which will require

(2Jr[1) # 0 (13.26)

These conditions are usually specified in terms of the difference in quantum numbers between states |2)
and |1). For example for the states |[nlm;) of hydrogen, if the selection rules Al = £1 and Am; = 0, £1
are satisfied for a transition, the transition will be allowed.

On the other hand a transition will be forbidden if

(2[r[1) = 0 (13.27)

This does not necessarily mean that there is no interaction with electromagnetic radiation or
spontaneous emission. Rather it means that there is no dipole interaction: radiation incident on
the atom will not induce an electric dipole moment. It may however induce a quadrupole moment,
resulting in a much weaker interaction between the atom and the radiation. In this case the Einstein
coefficients will not be zero, but many orders of magnitude smaller than for an allowed transition.
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A Bohr’s model of the atom (revision)

Bohr put forward the first quantum model of the atom in 1913. It explained some features of atomic
spectra, and although it has been superseded by modern quantum mechanics, it is instructive to
review its successes and deficiencies. Bohr assumed Rutherford’s model of the atom in which the
atom consisted of a very small positively charged nucleus at the centre with the electrons occupying
the full volume of the atom. To this he added the following postulates.

A.1 Bohr’s postulates

1. an electron moves in a circular orbit about the nucleus according to classical mechanics

2. only those orbits for which the orbital angular momentum of the electron is an integral multiple

of h are possible (h = h/27)

3. an electron in such an allowed orbit does not radiate electromagnetic radiation - its energy
remains constant

4. electromagnetic energy is emitted (or absorbed) when an electron changes from one allowed orbit
to another

The equation of motion for an hydrogen-like atom (Z =1 — H, Z = 2 — He™, etc) in which a
single electron orbits a nucleus of charge +Ze is

1 Ze2 muv?

= Al
Ameg 12 r (A1)
The quantisation of orbital angular momentum gives
L = mur =nh (A.2)
where n = 1,2,3,... is an integer. Solving these two equations simultaneously we get expressions for
the two unknowns, the velocity and the radius of the orbiting electron:
1 Ze? v
4meg nh c an (A-3)
where a = €2 /(4mephc) = 7.30 x 1073 a2 1/137 is called the fine structure constamm and.
272 2
n“h n
—4 - A4
r meo 5 = 0 (A4)
where
47T€0h2 —11
ap = 5~ =529 x 107" 'm (A.5)
me

is called the Bohr radius. 1t is the radius of the orbit of the ground state (n = 1) of hydrogen (Z = 1).
The energy of an orbiting electron is the sum of its kinetic and potential energies.

3"We will encounter the fine structure constant at various times during this course. Note that it is a dimensionless
ratio of fundamental constants, and its value is an indicator of the extent to which the motion of the electron in the
hydrogen atom is relativistic.
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1 Ze? 1 Ze? 1 Ze?
E=K4+V = — = — A6
+ dmeg 2r dmeg 1 dmeg 2r (A-6)

Substituting for r from eqn

2\ 2 2
E= _2:;712 ( i ;) = —n22 Ryd (A7)
where
m 62 2
Ryd = —op2 (47T60> (A.8)

Ryd has the units of energy and its value is 13.6 eV.
For hydrogen (Z = 1),

v/e = a/n (A.9)
r = nlag (A.10)
E = —Ryd/n? (A.11)

Figure 25| shows low energy levels for hydrogen and transitions to the ground state.

"" n=1

Figure 25: Energy level diagram for hydrogen showing the first four transitions of the Lyman series of
spectral lines - transitions from higher levels to level n = 1: L, (122 nm), Lg (102 nm), L, (97 nm).

A.2 Emission and absorption spectra

If the hydrogen atom (Z = 1) undergoes a transition from state n; to state ny where n; > ng, the
frequency of the emitted radiation is given by v = (E; — Ef)/h. The wavenumber x and wavelength
A are given by

1 1 1
_l_p (L2 A12
K 3 R <n? n?) ( )
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where

1 \? met Ryd
Ry = = A.13
<47reo> Awh3¢  he ( )

A.3 Finite nuclear mass

The equations above assume that the nucleus is infinitely massive. When the mass of the nucleus is
taken into account m is replaced by the reduced mass of the atom, p, where

= A.14
SV (A.14)

where M is the mass of the hydrogen nucleus. The constant in Equation becomes

M
Ry = —+ R A5
T m+M ( )
and is called the Rydberg constant.

Roo = 1.09737 x 10"m™* (A.16)

Ry = 1.09681 x 10"m~!

A.4 The hydrogen spectrum

The wavelengths of emission spectral lines of the hydrogen Balmer series (ny = 2) are given by

1 1 1

=Ryl =—-—= A17

L~ Ry (4 n) (A17)
where n; = 3,4,5,.... The resulting spectral lines are in the visible and near ultraviolet, and are
known respectively as H, (656 nm), Hg (486 nm), H, (434 nm), .... Several transitions of the Lyman

series (ny = 1) are shown in Figure corresponding to L, (122 nm), Lg (102 nm), L, (97 nm).

B The Dirac equation

The (time dependent) Schrodinger equation can be written as

oy
where

Paul Dirac’s aim was to find a relativistic version of this that was also specific to a spin—% particle.
This required finding an expression for H that made the equation Lorentz invariant. We also know
that spin operators are matrices and their eigenfunctions are vectors. So it should be no surprise that

the equation Dirac arrived at is not simply a scalar equation. His equation is
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(EJc+a-p+ aamoc)yp =0 (B.3)

where «; is a 4 X 4 matrix, p is the momentum 4-vector and ¢ = (11, 12,13, 14) is a four component
wave function. The «; are given by
0 ag;
= B.4
i < o; 0 > (B.4)

where ¢ = x,y, z and o; are the Pauli matrices, and

0

1
4= 0 —1
0

o o O

This is Dirac’s equation for a free electron with spin % When Dirac modified this equation for an
electron in a magnetic field, E — E — e¢ and p — p — e/cA he found that the solution included an
energy term that corresponded to the energy of a magnetic moment in the magnetic field (B =V x A)
associated with a particle of spin %, provided g = 2.

Dirac’s equation also predicted a particle with the mass of an electron and charge +e, now called a
positron (the anti-particle of an electron) and first detected experimentally by Carl Anderson in 1932
(for which he received the Nobel Prize for Physics in 1936).

C Selection rules

Selection rules are a consequence of the fact that angular momentum (in addition to energy) must
be conserved during absorption or emission of a photon. Photons have spin angular momentum (s,
quantum number 1), so when a photon is absorbed or emitted by an atom the angular momentum of
the atom (L, quantum number [) will change. Ignoring electron spin,

L—-L =L+s (C.1)

The final angular momentum quantum number is I’ = [+ 1, I, or [ — 1. From this we would
conclude that when a photon is absorbed or emitted the change in [ is Al = 0, +1. For an electric
dipole transition the transition probability for the case Al = 0 is, however, identically zero. We can
understand this in terms of the parity of the upper and lower states. The dipole transition probability
involves the integral

2lr|1) (C.2)

As r has odd parity, the integral will be zero if the upper and lower states have the same parity.
As the parity of a state is determined by (—1)!, Al = 0 corresponds to a forbidden transition. So we
conclude that for electric dipole radiation the selection rule for orbital angular momentum quantum
number is

Al = +1 (C.3)

It should be noted that the concept of a forbidden transition applies to dipole transitions. Emission
and absorption of photons can still occur due to higher multipole interactions (with much smaller
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transition probabilities). Examples of such transitions are associated with upper and lower states of

the same parity and involve emission and absorption of two photons.

D Einstein relations

Consider a two-level atomic system that is in thermal equilibrium with radiation, in which case the
transition rate 2 — 1 (spontaneous emission plus stimulated emission) must equal the transition rate

1 — 2 (absorption):

na(Az1 + Ba1p(v)) = n1Biap(v)

(D.1)

Because of thermal equilibrium the densities n; and ngy are related by the Boltzmann distribution

n2_ exp(—hv/kT)
n

and the radiation density is given by the Planck’s law (for radiation of a black body)

_ 8rhv3 1 h w3

3 /KT _ 1~ 7208 ghv/kT _ |

p(v)
From Equation and substituting from Equation

p(]/) — (AQI/le)(n2/nl) _ AQI/BQI
Bi2/Bay —ng/ni  Biy/Bayehv/FT — 1

Requiring that this corresponds to the black body formula leads to the Einstein relations
B

-2 9
Bay
A21 o 87‘1’]11/3
B21 N 63
E Spherical Coordinates
Z
r
0
AN y
~

Figure 26: The spherical polar coordinate system.
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The appendix is a short summary of spherical coordinates which are most suitable for any problem
which is spherically symmetric. The coordinates are defined according to Fig. 26] as follows

x = rsinf cos ¢
y = rsinfsin ¢ (E.1)

z=rcos0 .

The spherical volume element can be obtained by a change of variables from (z, vy, 2) to (r,0, ¢)

drdydz = ‘m drdfd¢ = r? sin Odrdfde (E.2)
and the Laplace operator
10 o) 1 0 o) 1 o
2_ L O 20 i il
vi= r2 or (T 67“) + r2sin 6 00 <Sm03¢9> * r2sin? § 0¢2 (E-3)

Revised on January 4, 2016
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